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Proving trigonometric identities

use three basic trigonometric identities,
the Addition Formulae and/or
the Double Angle Formulae
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gbjectives Cﬁ_ecgkli_s:c_

« State the principal values of sin™ x, cos™ x or tan™ x

o Solve trigonometric equations

>(/lefes and Worked Examples = -

Although there are many possible answers to an equation sin x = k or cos x = h or tan x = k, for
which -1 < h < 1 and k is any real number, a scientific calculator will only give the principal value.

Principal values of sin™ x: -90° < sin™' x < 90°, where -1 S x < 1
Principal values of cos™ x: 0° < cos™ x < 180°, where-1 <x =<1

Principal values of tan™ x: -90° < tan™' x < 90°, where x is any real number

WIO1R [K]E D]
EXIAIMIP]L Finding the principal values

(a) Find the principal value, in degrees, of sin™ (—%) :

(b) Find the principal value, in radians as a multiple of 7, of cos™ (—ﬁ) :

2
(SIOILIUIT[1]O]N]
. o 1 b4 3
30°= = Lo DU
(a) sin > (b) cos = .
sin (-30°) = —sin 30°
1 COS(“"E') = -% €— cos(n—-6)=-cos@
2
B rqlE
.. Principal value of sin™! (—-;-) =_30° e ==y
<. Principal value of cos™ (__\[2_3'_) = 5?“

mﬂ'_' TUTORIAL 10.1: Questions 1-5
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| mOX» Do

WIO[R [K] € D o
E [XIA M) - Solving trigonometric equations involving basic angles
Solve each of the following equations.
(a) sinx=0.5,for0°<sx=< 360° (b) cos x =-tan 30° for —180° < x < 180°
() tan2x=2,for0<x<2m (d) cosec (x - 10°) = 2.5, for 0° <x < 270°
BEEMEEEN
(a) sinx=0.5 (b) cosx=-tan 30°
g = ek
a=30 5
x = 30°%150° « = 54.736° (to 3 d.p.)

x = 125.3% -125.3° (to 1 d.p.)

(c) tan2x=2 (d) cosec(x-10°) =25
a=1.1071 (to 5 s.f.) sin (x - 10°)=0.4
2x=1.1071, 4.2487, 7.3903, 10.532 (to 5 s.f.) a=23.578° (to3d.p.)
x=0.554, 2.12, 3.70, 5.27 (to 3 s.f.) x - 10°=23.578° 156.422° (to 3 d.p.)

x=33.6°166.4° (to 1 d.p.)

ﬂﬂ‘*wmﬁm 10.1 Questions 6-12

WIOTR [K € 0|
E XTAMIPIL Solving trigonometric equations involving squares or factorisation
Solve each of the following equations.
(a) sin?x =3 cos’x, for 0° < x < 360° (b) 2sinxcosx=cosx, for0=<x=<2m
S[ofLIUIT]I{O[N]
(a) sin?x=3cos’x (b) 2 sin X cos X = CO§ X
tan? x =3 é— Since % = tan x, then 2 sin x cos x — ¢os x = 0 €— Do not divide both
tan x = i\/g Siﬂg x (sinx ) tan? cos x (2 sin x - 1) =0 sides by COs X.
—==|—=| =tan‘x.
o= 60° cos'x \COSX cosx=0 or sin x = %
x= 60°, 120°, 240°, 300° ¥ ¥ o
=9y “=%
_ I 5m
*T% 6
Lo T T 5m 3m
“TE 2T 2

Bn‘ TUTORIAL 10.1: Questions 13, 14
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NAME: . clLAss:_____ DbatE:

b_ﬂ

1.  State the values between which each of the following must lie:
(i) the principal value of sin™' x,

(ii) the principal value of cos™ x.

2. Find the principal value, in degrees, of each of the following.

(a) sin” (%) (b) cos™ (—%)
(c) tan™ (%) (d) tan™(-/3)
3. Find the principal values, in radians as a multiple of 7, of each of the following.
(a) sin™! (%) (b) cos™ (-—%)
() tan3 (d) tan(-1)

4. Without using a calculator, find the principal value, in radians as a multiple of 7, of each of

the following.
(a) sin™ (cos7—n) (b) cos™ [tan(—s—“)]
4 4

5. Itisgiven thatx = cos™ (%) :

(i) Express x in terms of 7.

(ii) Hence, find the exact value of cos 2x + tan x.
6. Solve each of the following equations for 0° < x < 360°.

(a) sinx= @ (b) cosx=0.5

(c) tanx=1 (d) sinx=-04

(e) cosx= —% (f) tanx=-6

(g) sinx=sin 18° (h) cosx=-cos79°

273 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

7. Solve each of the following equations for 0° < x < 360°.

(a) sin2x=-1 (b) cos%x = l/_zé

() tan3x=0 (d) sin (x+40°) =0.85
(e) cos(x-16°)=0.7 () tan (2x+29°) =-1.06
(g) cosec (%x —5°) =d (h) sec(100° -3x) =2

8. Solve each of the following equations.
(a) 6sin x=3cos x, for -360° < x < 0°
(b) tan (-2x) =0.9, for -270° <x < 0°
(c) sec (1.4x-20°) =7, for 540° < x < 720°
d) cot(%x+15°) - 0.108, for ~180° < x < 180°

9. Solve each of the following equations.

(a) cos2x= —~‘/2—§,for0<x<21t
(b) tan(2x+1)=05for0<x<m

(¢) 5sinx+8cosx=0,for0<x<6

(d) ln[cosec(Sx—%)] =2, for -—% sx= "g‘

10. (i) On the same axes, sketch the graphs of y = -3 sin 2x and y = 1 for 0° < x < 180°.

(i) Solve the equation 1 + 3 sin 2x = 0 for 0° < x < 180°, and explain the graphical
significance of your answer.

11. The function f is defined, for all values of x, by
f(x) = 23in%+c :
where ¢ is a constant. The graph of y = f(x) passes through the point (STT[, - ) .
(i) Find the value of c.

(ii) Solve the equation f(x) = 0 for 0 < x < 2 and state the significance of your answer in
the context of this question.
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12. The equation of a graphis y = a+bc0s%x, where a and b are positive integers.
(i) State the period of .
Given that the maximum and minimum values of y are 3 and -5 respectively, find
(ii) the amplitude of v,
(iii) the value of a and of b.
Using the values of a and b found in part (iii),
(iv) find, in degrees, the smallest positive value of x for which y = 0,

(v) sketch the graph of y for —-360° < x < 180°.

13. Solve each of the following equations.
(a) sin’x= %, for 0° < x < 360°
(b) 2cos?x =1, for 0° < x < 360°
() sec’x-9=0,for0sx<2n

(d) 8cot?2x=tan2x,for0O<x<n

14. Solve each of the following equations.
(a) 2sinxcosx=+/3cosx, for 0° < x < 360°
(b) sec? x =5 sec x, for 180° < x < 540°
() 4(1+2tan’x)=33tanx,for0<x<2n

(d) cosecx-cotx=2cosxcotx,for-m<x<m
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@ Trigonometric identities
S s

e

gbjectives Checklist

NS ¢ GEms ¢ "D ¢ o=
 State the three basic trigonometric identities

* Apply the trigonometric identities to simplify trigonometric expressions and solve trigonometric
equations

¢and Worked Examples = -

Consider a right-angled triangle with sides x, y and r as shown.

W P(x, y)

sinf=<,cos0=% andtan 9= 2
r r x

Using Pythagoras’ Theorem, g
£ty =p e
2 2
%2-+ij—2 =1
sin? 0 + cos® @ =1 — (1)
Dividing (1) by cos? 8,
sin’0  cos’f 1
cos’0  cos’@ cos’
tan’ 0+ 1 = sec2 @ —(2)
Dividing (1) by sin? 6,
sin’ @ = cos* 6 g
sin®@  sin*f  sin?6@
1+ cot® 0 = cosec® — (3)

—Px

The three basic trigonometric identities are equivalent:

e s8in* @ + cos?B=1
Cel+tan’B=sec’ B

o1+ cot? 8= cosec?d

277 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

WIOIR[KIE D "
[E[XTAMIPIL Simplifying trigonometric expressions using basic identities
Simplify each of the following.
cot’x 2
(a) (sec 8+ 1)(sec§-1)+tan*6 (b) mfcosec x
(S[OILIUITLI[OIN 2
cot” x 2
(a) (secB+1)(sec@-1)+ tan? 0 (b) m—cosec X
=sec?6-1+tan® 0 S
= tan® 0 + tan? 0 1 sin’i To— ]
=2tan% 0 Ccos X
- P 1
sinx sin’x
=0
n"‘fummljo.z:-euesﬁons 1,2
WIO[R [KIE |
XIAMIPIL Solving trigonometric equations involving basic identities

Solve each of the following equations.
(a) 2sin?8 =3 cos 6, for 0° < 6 < 360°

(b) 4sectx=15tanx-5sin?x-5cos’x,for0<x<m

S]O[LIUITIIO]N
(a) 2sin?@ =3 cos 0 (b) 4secx=15tan x - 5sin®>x — 5 cos* x
2(1 -cos’@) =3 cos 0 4 sec* x = 15 tan x - 5(sin? x + cos? x)
2-2cos’0=3cosf d4sec*x=15tanx -5 &sin’x + cog?x =1
2cos’8+3cosf-2=0 4(tan’x+1)=15tanx - 5
(2cosB@-1)(cosB+2)=0 4tan’x+4-15tanx+5=0
cos6=% or cosfl=-2 4tan’x - 15tanx+9=0
a=60° (no solution) (4tanx-3)(tanx-3) =0
0= 60°, 300° tnx=3  or  tanx=3
<. 6= 60°% 300° a=0.643 50 (to 55.f) & =1.2490 (to 5s.f)

x=0.644 (to 3 s.f.) x=1.25(to 3s.f)
sox=0.644,1.25

mn' TUTORIAL 10.2: Questions 3-7
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NAME: ) ) - N GLASSy .. .. DAIEE TS -

1. Simplify each of the following.
(b) sinx — cosecx

2 2
- cosec? 0
(@) cot’0 -

2. Itis given that y = 3 sin? x + cos’ x. Are the following statements correct? Explain your answer.
(a) The expression 3 sin’ x + cos? x can be simplified to 3.

(b) The minimum value of y can never be a negative value.

3.  Solve each of the following equations.
(@) 3cos?x+ 17 sinx =13, for 0° < x < 360°
(b) 4tan?x+ 2 =7 secx, for 0° < x < 360°
(¢) 4cot?x+17cosecx=11,for0<x<2n

(d) cosec? x=2 cotx, for 3n < x < 4n

4. Solve each of the following equations.

(a) ; = cos X - sin x, for -360° = x < 0°
9sinx +9cosx

(b) Sseczéx—l = 18tan%x,for “dM<XLT

5. {;? Find two possible values of x, 7 < x < 12, that satisfy the equation

13 sin? x = 12 - cos x - cos? x.

6. (i) Show that2sin 8+ 7 cot @=5 cosec 0 can be expressed as 2 cos’ @ - 7 cos 8 + 3 = 0.
(i) Hence, solve the equation 2 sin 26 + 7 cot 26 = 5 cosec 20 for 0° < 6 < 360°.

7. When drawn on the same diagram, the line y = 2.5 intersects the curve y = cosec? x + cot? x for
values of x between 1 and 6. Find the number of points of intersection.
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e

@ Addition Formulae

@bjectives (_:_h_ec'kli_st_

« State the Addition Formulae
« Apply the Addition Formulae to simplify trigonometric expressions and solve trigonometric
equations

>(/ls{e% and Worked Examples :

0]

For two angles A and B, the Addition Formulae are:

o+ sin (A + B) = sin A cos B * cos A sin B
s cos (A + B) = cos A cos B & sin A sin B

: _ tanAxtanB
Gl

WIO! [k o)
EXTAMIPIL Finding the trigonometric ratios using the Addition Formulae

Without using a calculator, and showing all your working, find the value of sin 75°, giving your

Ja++/b
4

answer in the form » where a and b are integers.

(SIOILIUITLI{OIN

sin 75° = sin (45° + 30°) & Write 75° as the sum of two special angles.

= sin 45° cos 30° + cos 45° sin 30°

(2
_ 6,42

4 4
_ /6 : )

sl TUTORIAL 10.3: Questions 1-5
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J o s o
(E[XTAMIPIL Finding the trigonometric ratios of compound angles

The angles A and B are such that sin A = ___% and tan B = 3, where A and B are in the same

quadrant. Find the exact value of each of the following,
(a) cos(A-B) (b) tan(A+ B)

(S[O[L[UITIOIN]

Sincesin A <0 and tan B> 0,

A and B lie in the 3" quadrant.

y

A P4
A B

12 13 3 fis

(@) cos (A - B)=cos A cos B+ sin A sin B

- (- 3-)
B 1534:/3%

__4
1310

b i _ tanA+tanB
) EniaeE) 1-tanAtanB

1.2
s ?+3

EHE
A2

31

n‘TUTQR]AL 10.3: Questions 611
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WIOIR [KIE D}
EXAMIPILE 7 Solving trigonometric equations using the Addition Formulae

Find all the angles between 0° and 360° inclusive which satisfy the equation cos (x + 30°) = 2 sin x.

(SIOILIUIT] I [O]N]

cos (x + 30°) =2 sin x

cos x cos 30° - sin x sin 30° = 2 sinx € cos (x + 30°) = cos x + cos 30°

3 | P
Tcosx-—zsmx =2sinx
J3cosx—-sinx =4 sin x
5sin x = </3cosx

V3

tan x = —
5

a =19.107° (to 3 d.p.)
x=19.1°,199.1° (to 1 d.p.)

m‘ TUTORIAL 10.3: Questions 12-16
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NAME: ) CLASS: : DATE:

1. Without using a calculator, find the exact value of each of the following.

(a) sin 59° cos 14° - cos 59° sin 14° (b) cos 220° cos 70° + sin 220° sin 70°
tan 68° - tan 23° 2 1 - tan76° tan 44;°
() 1 + tan 68° tan 23° tan 76° + tan 44

2. Without using a calculator, show that

f6-2 Zﬁ’ (i) sin75e= 243

(i) cos75°= "]

3. Without using a calculator, show that
() tan15°=2-43, (i) sec*15°=4tan 15°.

4. Show that sin 165° - cos 165° can be written in the form %, where k is an integer.
5. A, Band Care the angles of a triangle.
(i) Show that cos (A + B) = -cos C.

Angle A = %radians and angle B = % radians.

(i) Without using a calculator, show that cos C can be expressed in the form
a and b are integers.

, Where

Ja-/b
4

6. 'The angles A and B are such that cos A = 2% and tan B= —242, where A and B are in the

25
same quadrant. Find the exact value of each of the following.
(a) tan AsecB (b) sin(A +B)
() cos(A-B) (d) tan(A-B)

7. Aand B are acute angles such that cos A = —2_ andsinB= % Show that

J29
(i) tan(A-B)= -12%,
k29

(ii) cos (A + B) can be expressed in the form , and state the value of k.

145

8. Itisgiven thatcos A = -% and tan B = %, where A and B are positive angles in different
quadrantsand 0 < A + B< .
(i) Determine the quadrants in which angles A and B lie and explain your answer.
(ii) Hence, find the exact value of sin (B - A).

I Mm@ >0
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10.

11.

12.

13.

14.

15.

16.

A and B are acute angles such that sin (A - B) = % and sin A cos B = % . Without using a
caleulator, find the exact value of
(i) cos AsinB,

(ii) sin (A + B),
sy TANA
(iii) anB "

Angles A and B are such that sin (A — B) = 4 cos (A + B).

< 4-tanA
(i) Show thattan B = TenA-1"

(ii) Given that A = -161 , find, without using a calculator, tan B in the form

h and k are integers.

h3+k
—F where

It is given that sin x sin y = L and cos x cos y= 2

12 1
(i) Find the value of cos (x + y) and of cos (x - ¥).

(ii) Hence, find the acute angles x and y.

Solve each of the following equations.

(@) 4 cos (x-30°) =3sinx, for 0° < x < 360°

(b) 55in(2x+27n) = cos(Zx—%),for <K<

Given that tan (x - 60°) — tan (x + 60°) = 3, where x is obtuse, find the value of x.

(i) Henry says that the expressions sin (x+%) and cos (%—x) are equivalent. Do you agree?
Explain your answer.

(ii) Solve the equation sin (x+%)+4cos(1;~—x)—-1 =0for-3<x<3.

(i) Using cos 3x = cos (2x + x), sin 2x = 2 sin x cos x and cos 2x = cos® x - sin’ x = 2 cos’ x - 1
=1 - 2 sin? x, show that cos 3x may be expressed as 4 cos® x — 3 cos x.

(ii) Find all the values of x between 0° and 360° inclusive for which 3 cos 3x = 23 cos® x.

The equations of two straight lines /, and [, are y = ax + 3 and y = bx - 2 respectively. In the

case wherea=2and b= —% , use the Addition Formula to show that the lines meet at right

angles.
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@bjectives (_:_I:ggkﬁs:t_

« State the Double Angle Formulae

« Apply the Double Angle Formulae to simplify trigonometric expressions and solve trigonometric
equations

¢ and Worked Examples -

0

The Double Angle Formulae are:
s sin 2A =2 sin A cos A
o cos 2A = cos’ A - sin* A
=2cos?A-1
=1-2sin’A

1-tan" A
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WIOTR [k D! o
[EXTAIMIPILLE Finding the trigonometric ratios using the Double Angle Formulae

It is given that sin A = % and tan A < 0, Without using a calculator, find the value of each of the

following,.
() cos2A (b) 08

[sTo[L{U[T[I[O]N]
Since sin A > 0and tan A <0,

A lies in the 2™ quadrant.
(a) cos2A=1-2sin’A

Since 90° < A < 180°, then 45° < & < 90°.

2
_£

9=

I'l‘ TUTORIAL 10.4: Guestions 1-6
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[EXTAIMIP L Solving trigonometric equations using the Double Angle Formulae
Solve each of the following equations.
(a) sin2x - sin x =0, for 0° < x < 360° (b) 8sinxcosx=-3,for0<x=<2m

3n
(c) 2cos2x-3cosx+1=0,for0°<x<270° (d) tan2x—5tanx=0,for0<x<7

S[O[L{UITLIIOIN
(a) sin 2x —sinx =0
2 sin x cos x — sin x = 0 é———— Do not divide both sides by sin x.

sinx(2cosx-1)=0

sinx =0 or cosx=%
x =0° 180°, 360° a =60°
x = 60°, 300°

.. x=0°60° 180° 300°, 360°

(b) 8sinxcosx=-3
4(2 sin x cos x) = -3

- e
sin 2x = 7

a = 0.848 06 (to 5 s.f.)
2x = 3.9897, 5.4351, 10.273, 11.718 (to 5 s.f.) ¢—— Since 0 < x < 27,
x = 1.99, 2.72, 5.14, 5.86 (to 3 s.f.) then 0 < 2x < 4m.

() 2cos2x-3cosx+1=0
2(2cos?x—-1)-3cosx+1=0
4cos?x-2-3cosx+1=0
4cos’x-3cosx-1=0
(4cosx+1)(cosx-1)=0
% or cos x = 1 (rejected)
a=75522°(to3d.p.)
x = 104.5°, 255.5° (to 1 d.p.)

COs X = —
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(d) tan 2x - 5tanx=0

2 i)
1-tan”x

2tanx-5tanx +5tan*x=0
S5tan®x-3tanx=0
tanx (5tan’x-3)=0
tanx=0 or tan x = i\/%
X=T0 a = 0.659 06 (to 5 5.f.)
x = 0.659, 2.48, 3.80 (to 3 s.f.)

- x=0.659, 2.48, m, 3.80

104 Questions 7-10
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NEME . B -7 Y —

% 10.4

1. Without using a calculator, find the exact value of each of the following.

(a) 2 sin 22.5° cos 22.5° (b) 3-6sin’ % 2
M (d) (COSE"F sinlt.)
(c) 1 - tan* 75° 8 8
2. fis an acute angle such that cos 6 = fsl- . Find the value of each of the following,
(a) sin 20 (b) cos 20
(c) tan20 (d) cos40

3. Given that cosec A = % , where A is acute, express each of the following in terms of k.

(a) cotA (b) sec2A

4. The acute angles A and B are such that tan (A - B) = % and sin A = % . Without using a
calculator, find the exact value of

(a) cos2A, (b) tan 2B,
(c) cos4A, (d) sin%A.

5. Given that p = sin x + cos x and g = sin x — cos x, show that p? + ¢* is independent of x.

6. (i) Show that 6 sin®x + 4 cos® x can be written as a + b cos 2x, where a and b are integers.
Hence
(ii) state the period and amplitude of 6 sin® x + 4 cos® x,

(iii) sketch the graph of y = 6 sin® x + 4 cos® x for 0 < x < 27 radians.

7. Solve each of the following equations.
(a) cosxsinx=0.5, for 0° < x < 360°
(b) sin*x-cos’x=0.234,for0<x<mn
(c) 5cos2x-sinx=23,for-180° < x < 270°

(d) tan4x+tan2x=0,for-n<x<0

8. Show that the equation 3 cos 2x = 19 cos x — 18 has no solutions.
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9. (i) Express % sin 260(cosec 8 - cot 6) as a quadratic expression in cos 6.
(ii) Use your answer in part (i) to find, for 0 < 0 < 2, the exact solutions of the equation

% sin 26(cosec 0 — cot 0) =2 +4 cos 0 -3 cos? 6.

y
10. A
/\;
2

14+

] e e S I

2n 3n-m _n 0 n n 3n 2n
2 2 2 2

The diagram shows the trigonometric graph y = a sin bx + ¢, where a, b and c are constants.
(i) Find the values of g, b and c.

(ii) On the same axes, insert the graph of y = 2 cos x + 2 for -2n < x < 2.

(iii) Show that the x-coordinates of the points of intersection of the two graphs are satisfied by
1

the equation 2sm2%x—sinzx—l = {

(iv) Hence, find the x-coordinates of the points of intersection of the two graphs.
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@bjectives (_Z_h_eqkﬂsi

« Prove other trigonometric identities

>(/lele% and Worked Examples :

An identity is an equation that is true for all values of the variable that is substituted into both sides
of the equation.
The three basic trigonometric identities, the Addition Formulae and the Double Angle Formulae

may be used to manipulate the more complicated expression on one side of the equation such that
it simplifies to the expression on the other side of the equation.

UEREERE (D
[E IXTAMTP L | Proving trigonometric identities using the three basic identities
g rig g
Prove each of the following identities.
(a) secx - cosx=sinxtan x (b) =8 secx2+ 1
1-cosx tan“ x
(SIOILIUIT]I]O]N]
(a) LHS=secx- cosx (b) RHS= Secx+l
1 tan® x
= Cosx 0% _ secx+1
1-cos’x sec’x—1
~ cosx _ secx+1
- sin® x (secx+1)(secx—1)
COSX s o ol
i secx—1
- Smx(m) .
cosx =
=sin x tan x 1 .
cosx
= RHS (proven) _ _cosx
l-cosx

= LHS (proven)

'mn‘ TUTORIAL 10.5: Questions 1, 5-7
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WIOIR [KTE D] _
F 30 UEBE-%=" Proving trigonometric identities using the Addition Formulae and
the Double Angle Formulae
Prove each of the following identities.
sin (A - B) _ _ _2sinx __2c0sx
B ey ~onA-tn3 (b) coseCx—HeCt= Toos2z  T+cos2x
S[OJLIUITLI[OIN
(a) LHS = sin(A—B) € The LHS contains the more complicated expression.
cos AcosB
_ sinAcosB—cosAsinB
cos AcosB

sinAcosB cosAsinB
cos AcosB cosAcosB
sinA sinB

cos A cosB
=tan A -tan B

= RHS (proven)

(b) RHS= 7 fii)r;;x - 13‘22:)2; € The RHS contains the more complicated expression.

2sinx ____ 2cosx
1-(1-2sin’x) 1+(2cos®x-1)
2sinx _ 2cosx
2sin*x  2cos’x
1 1

sinx cosx
cosec x — sec x

= LHS (proven)

11

ﬂn‘*ﬂi‘féﬁm 10.5: Questions 2-4, 8
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1. Prove each of the following.

(a) cot @+ tan 0 = sec @ cosec @

_sinftan 0
b) 1 +.sec9 ST ol
() _sinf __ cosec 8 - cot 0
1+ cos
i 1 1
) vometl= 2(1 + cos 6) ! 2(1 - cos 0)
_ 2_1-cos@
(e) (cosec B - coth) ST

=1+cosf

cos 6 1
® 1—sec9+1—c056

2. Using the Addition Formulae, prove each of the following,

(a) s'm(%—x)=cosx (b) cos(%—x)= sin x
(c) sin(x+%)= cos x (d) cos(x+%)= —sin x
(e) sin(x+7)=-sinx (f) cos(x-2n)=cosx
(g tan(x+m) =tanx (h) tan (2m-x)=-tanx

3. Prove each of the following.

(a) cosd4x=8cos*x-8cos’x+1

2sinxcosx
1+2sinx+2sin’ x +cos2x
c =secx
() 2cosx(1+sinx)

(d) tan x(cot 2x + cosec 2x) = 1

4.  Prove each of the following.

cotxcoty+1

cot y—cotx

cos(x+ y)cos(x - y)

(1-sin® x)(1-sin? ¥)

sin(x+y)-sin(x-y) _ 2tany
cos(x—y) "~ l+tanxtany

(@) cot(x-y)=

(b) 1-tan’xtan’y=

(©)

2
d c0t2(3—n—x): seczx-Ztanx
4 sec’ x+2tanx

I mar» o
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cosecx—-secx _ ]-tanx
cosec x +secx  l+tanx’

5, (i) Show that

; : . 1. cosecx—secx _ 3

(i) Hencefind, for 0 < x < 27, the values of x in radians for which e s e
sec?f+2tan 6 _ cosB+sin9.
1-tan?d cos O -sin B

6. (i) Show that

(ii) @ Give an example of the value of 6 in the range 6 < 6 < 10 for

sec26+2tan6=3

which 201

7. (i) Prove that (sin x — cosec x) X (cos x - sec %) x (tan x + cot x) = cot x.

(ii) Hence, state the number of solutions of the equation
(sin x — cosec x) x (cos x — sec x) X (tan x + cot x) = 3 in the interval 0 < x < 7.

. A 2
8. Sh that 2x= ———————.
@ oW RS SES S ek
(ii) Hence, solve the equation 4 = > -1 for 0° < x < 360°.

cot’ x+tan’x+2  cotx+tanx
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=

@ R-Formulae

@bjectives Checklist
==y

T e mmm © .
o State the R-Formulae

* Apply the R-Formulae to simplify trigonometric expressions and solve trigonometric equations
of the typea sin 6+ bcos @ =cand a cos 6 + b sin 6 = ¢

¢ and Worked Examples -

The Addition Formula for sin (A + B) is:
sin (A + B) = sin A cos B + cos A sin B — (1)
Substitute A = 6 and B = & into (1):
sin (6 + &) = sin @ cos a + cos O sin a
Let asin 8+ b cos 6 = Rsin (8 + a).
asin @+ b cos @ =Rsin 0 cos a + R cos Osin a
=(Rcosa)sin @+ (Rsina) cos @ — (2)

Comparing coefficients of sin 6,

a=Rcosa —(3)
Comparing coefficients of cos 6,
b=Rsina — (4)

(3)*+ (4)%: @+ b* = R* cos® @ + R*sin’ g
= R*(cos® & + sin® a)
R=g?+ b

R = +Ja*+V?

@+ b-sne

Cos

b

tan @ = =
a

To solve trigonometric equations of the typeasin@+bcosf=candacosf+bsinf=c, apply the
R-Formulae:

sasin@+bcosf=Rsin(0+a)
' *acos@xbsinf=Rcos (8% a),

I mAS .

2¢

where R = v/a’ +b? and tan o = %
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The R-Formulae can be used to determine the maximum and minimum values of a trigonometric

expression in the form a sin 6 + b cos g and a cos 6 £ b sin 0

eForasinf8xbcos,
Maximum value = v/a® +b* whensin (6 @) =1
Minimum value = —@* +b* when sin (8 + @) = -1

o Foracos 0 bsin 6,
Maximum value = Ja2+b* whencos (0 + a) =1
Minimum value = —a? +b* when cos (6 + a) = -1

WIOIR K |E D
(E [XTAMIPIL Expressing a trigonometric expression using the R-Formula

(i) Express 3 sin 6 + 4 cos 0 in the form R sin (6 + a), where R > 0 and 0° < o < 90°.

(ii) Hence, solve the equation 3 sin 8 + 4 cos 8 = 2 for 0° < 6 < 360°.

S{o[L{UITLI [O]N]
(i) Let3sin 6+ 4 cos0=Rsin (0 + a).
R=./32+4 ¢<—a=3,b=4
=5
tan a = -%
a =53.130° (to 3 d.p.)
s 3sinf+4cos 8 =5sin (6 + 53.130°)

(ii) 3sinf+4cosf=2
5 sin (0 + 53.130°) =2
sin (6 + 53.130°) = %
Basic angle = 23.578° (to 3d.p.)
0 + 53.130° = 156.422°, 383.578° (to 3 d.p.)

0 = 103.3°, 330.4° (to 1 d.p.)

Iil,m‘TUT@mﬁﬂ- 10.6: Questions 1, 3-6
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IR K D!
(E XA MIPIL | Finding the maximum and minimum values using the R-Formula
(i) Express P = 2.5 cos 0+ 6 sin 8 in the form R cos (6 - ), where R is a positive constant and

O<a< -721 radians.
(if) Deduce the maximum and minimum values of P, and the corresponding values of 6.

[SIOILIUIT]I[O][N]
(i) Let2.5cosf+6sin8=Rcos(0-a)
R=425+6 ¢—a=25b=6
=6.5
6

tana = E

a =1.1760 (to 5 s.f)
. P=6.5 cos (6 - 1.1760)

(ii) Maximum value of P = 6.5, when cos (6 - 1.1760) = 1
6-1.1760=0
0=1.18 (to 3s.f)
Minimum value of P = -6.5, when cos (6-1.1760) = -1
0-1.1760 =
6 =4.32 (to 3 s.f)

ﬂﬁlﬂ‘mmm 10.6: Question 2
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moP o

(E X

gﬂﬂ@ Applying the R-Formula in real-world contexts

Three children, standing at A, B and C respectively, are A
playing in an open space such that AC=40m, BC=80m

and angle ACB = 90°. When a whistle is blown, they run

P 40m

towards P, a point along AB. The fastest child runs 48 m ina

straight line from C to P and angle PCB = &

(i) Express the shortest distance of P from AC and

from BC in terms of 6.

(ii) Show that 3 cos 6 + 6 sin 8 =5.

80 m |C

(iii) Express 3 cos 0 + 6 sin 6 in the form R cos (8 - &), where R > 0 and « is acute.

(iv) Find the value of 6.

BEEIEMREI
i - P
(i) cosf= )

PQ=48cos

ing= PR
sin 0= T
PR=48sin 0
.. Shortest distance of P from AC is
48 cos B m, shortest distance of P from

BCis 48 sin 8 m

(ii) Area of AABC= Area of AACP + area of ABCP
Ls0)(40)= % (40)(48 cos 6) + % (80)(48 sin 6)

3200 = 1920 cos 6 + 3840 sin 6
3 cos 0+ 6 sin 8 =5 (shown)

(iii) Let 3 cos 6 + 6 sin 6 = R cos (0 - a).
R= 32 :6 a=3,b=6
= /45
= 3.5
tan o = —g-
a = 63.435° (to 3 d.p.)
. 3cos 0+ 6 sin 6 = 3./5 cos (0 - 63.435°)

ﬂ‘ TUTBRIALWE Ques‘édns;?f—zt .

A
40 m
B [
48 m Q
[ ]
R c
80m
(iv) 3cosB+6sind =5

3,5 cos (0 - 63.435°) = 5

5
cos (0 — 63.435°) = ——
¢ ) 345

Basic angle = 41.810° (to 3 d.p.)
6 - 63.435° = -41.810°
0 =21.6° (to 1 d.p.)
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1. Express each of the following as a single trigonometric function.

(a) 4sinf+3cosd (b) sin@-5cosd
(©) %cos@+%sin9 (d) 2v2cosf-sin6

2. State the maximum and minimum values of each function, and the corresponding values of 6,
where 0° < 0 < 360°.

(a) 5sinf+12cosé (b) 24cos@-7sin@

. 2 1
(© (3sin - cos ) W s trsanded

3. Solve each of the following equations.
(a) sin@-cosf=1,for0° =< 0 < 360°
(b) 4cos0-9sinf=3,for0<0<2n

4, Aaron and Brian solved the equation 8 cos x + 7 sinx = 6, for 0 < x < 6.

(a) Aaron expressed 8 cos x + 7 sin x in the form R cos (x - «), before solving the equation.
Show Aaron’s working.

(b) Brian expressed 8 cos x + 7 sin x in the form R sin (x + a), before solving the equation.
Show Brian’s working.

5. Solve the equation 3 tan x + 4 = 2 sec x for 0° < x < 270°.

6. (i) Write cos 2x + sin 2x in the form R cos (2x - «), where « is acute and R > 0.

(i) Using appropriate identities and the result from part (i), show that
¥y =4sin x cos x + 4 cos? x may be written in the form

y= 2422 cos(2x - 45°),

(iii) Hence, find the smallest positive value of x for which y = 0.
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D o
Dimensions of a flower garden. The diagram shows the plan view of a flower garden,
ABCDE. A fence is constructed around the perimeter of the garden. AB= 15 m and
angle AED = (6‘ + g) radians. The perpendicular distance from A to DC is twice of BC.

(i) Show that L m, the length of fencing needed, can be expressed in the form
p +qsin 0 + r cos 8, where p, q and r are constants.

(ii) Express L in the form h + k cos (6 - «), where k > 0 and « is an acute angle.

(iii) A contractor estimates that 70 m of fencing is required. Find the possible values of 0.

X
A

B(-1,6)

P x

The diagram shows a line passing through the points A and B(-1, 6). The point T lies on AB
such that OT is perpendicular to AB.

(i) Given that angle BAO = 0 radians, show that OT = sin 6 + 6 cos 6.

(ii) Hence, express OT in the form R cos (6 - «), where R > 0 and a is an acute angle.

(iii) Find the greatest possible length of OT and the corresponding value of 6.
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The diagram shows a circle with diameter AB. The point C lies on the circumference of the
circle such that angle CBO = 0 radians. AC = 4 cm and BC = 10 cm.

(i) Show that OB =4 sin 8 + 10 cos 6.
(if) Hence, find the greatest possible length of OB and the corresponding value of 6.
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E%Quick Test 10 [Total marks: 35]

1. (i) Find, inradians, the two principal values of x for which 5 tan? x + 24 tan x - 5 =0. [4]

(ii) Using a suitable identity, explain why the values of x in part (i) satisfy the equation
[2]

1
tan 2x = 13

2. (i) Without using a calculator, write down and simplify the expansion of cos [6’ - %] and of

sin (6 + %J , leaving each expression in exact form. (3]

(ii) Given that 2 cos [6‘ - %] =sin [6 - %] show that tan 6 = % (3]
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1
. = cot 0. (4]
3. () Provethat (1 + sec 8)(cosec 0 - cot 6)

1
e - . . = =:f e. 2
(i) Find, in radians, the acute angle for which 3 To00 Hlcostel - otD) an (2]

306 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

4. (i) By writing sin 36 as sin (28 + 6), show that sin 360 = 3 sin @ — 4 sin® e.
(i) Hence, solve the equation 2 sin 36 + 11 cos 260 = 11 for 0 < 6 < 2.

(3]
(4]
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120 m

¥
'
H
(]
i
1
i
i
1
1
]
1
1
i
i
1
1

slide at a theme park. The diagram represents the path of a child at a theme park. From A,
she takes a vertical lift to B, then climbs 40 m along a ropeway to reach C. From C, she slides
120 m down a slope inclined at 6° to the horizontal to finally reach E after passing through the

point D.

(i) Given that angle BCD = 90°, express CD in terms of tan 6 and hence obtain an expression
for DE. [2]

(ii) Hence, show that DF can be expressed in the form a sin @ - b cos 6, where a and b are
constants. [3]

(iii) By expressing DF in the form R sin (6 - @), find the value of 6. [5]
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