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Rules of differentiation (Power Rule, Constant
Multiple Rule, and Sum or Difference Rule)

ijectlves Checkhst

o Use the notations gxz , f'(x) and %[f(x)] to denote a derivative

« Apply the Power Rule, Constant Multiple Rule, and Sum or Difference Rule to differentiate
power functions

0% and Worked Examples -

The derivative of a function y = f(x) is denoted by the notations % , f'(x) and %[f(x)l.

The gradient of the tangent to the curve y = f(x) at a particular point is equal to the value of the
derivative at that point.

To find the derivative of a power function x", where # is a real number, the Power Rule states that:

g T
a(:t:)—nx”1

In particular, the derivative of a constant k is 0:

i e

% (k)=0
To find the derivative of a function kf(x), where k is a constant and f(x) is a function, the Constant
Multiple Rule states that:

d A
L[kt = kL ifo))

To find the derivative of the sum and difference of two functions f(x) and g(x), the Sum Rule and
Difference Rule state that:

%[f(x)ig(x) ---{f(x) %g(x)l
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WIOIR K E DI

XTAIHTP L Applying the Power Rule
Differentiate each of the following with respect to x.
e 3
(@ y=x" (b) f(x) = - () ¥x
(slolL{UITIOIN] ]
1 d (yx) = 4 ()
(@) y=x* (b) ) = — (© 3 Wx)= 3
2
%:20::‘9 =x! s %x 3
1 - 1
ff — a2 = <“ a ¢ Ty T
. _ xl 33 x?
=

WIO[R [K € D)
(E [XTAMIPIL Applying the Scalar Multiple Rule
Differentiate each of the following with respect to x.
(@) y=ox (b) f(x) = -2 © 3Vx
(SIOILIUITI{OIN]
_ = 43 1(2 )
@ y=9 ®) f) = -4 © L(3x)= L2«
dy _ = _3(1 )
o 9(1x") =—4x7? = 5\3% 2
= x0) = —A(—253 = ol
=9 f'(x) (-2x7%) W e
=8
==
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Eﬁﬂﬂﬂﬂ. ' Applying the Sum Rule or Difference Rule

Differentiate 8x*+7-— with respect to x.
Yx

[SO[LUIT|1]O0IN]
dfaig 1) g7 gF)
dx(Sx +7 %/E) d.x(

= 8(3x*)+0- (—lx ;‘)

1 o A
= 24x + G T
33Yx*

a
acal i Gossionis 525

Wﬂﬂﬁﬂﬁ
[E XU AMIP]L ] Finding the gradient of a curve

4x
T

Find the gradient of the curve y = where x # 0, at the point (-1, 1.5).

(SIOILIUIT]I O[N]

_ 4x*-7

=55
.. Gradient of the curve at (-1, 1.5) is 5.5
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~___CLASS: e AR s

NAME:

1. Differentiate each of the following with respect to x.

@ y=x° (b) flx)=+x
1
(c) x72% (d) I
2. Differentiate each of the following with respect to x.
9
(@) y=6x* ® fo= -2
Z o
(© gxvx (@ tan%
3. Differentiate each of the following with respect to x.
2 8—x2
(a) 3x* —5+; (b) x_f

4. Given that f(x) = (x+1)(/x+1)(Vx -1), find an expression for ' (x).

5. Itisgiventhaty= éx (2x-3).
(i) Find the value of gx—y when x = 1.

(ii) Explain the significance of your answer to part (i).

6. Find the gradient(s) of the tangent(s) to the curve at the given point.
(a) y=8x-x>+3,whenx= -—%
2 k.
b) y= W,WhEH}'— 1
(¢) y=(6x+ 1)(x - 2), when the curve intersects the y-axis
_ {x-5)
dy y=——=—

, when the curve intersects the x-axis

748 @ The gradient of the curve y = ax+ bz atx = —-%— is 2. Give an example of the values of the
constants a and b. &

8. The tangent to the curve y = —%—bx+9 at (4, 10) is parallel to the line 5x + 8y + 6 = 0. Find
Jx
the value of a and of b.

9. A quadratic curve passes through the points (2, —1) and (-4, 29). The gradient of the tangent to
the curve at x = 3 is parallel to the line y + x = 29. Find the equation of the curve.
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@ bjectives Checklist

. Apply the Chain Rule to differentiate functions

9 and Worked Examples -

0]

To find the derivative of a function [f(x)]", where n is a constant and {{x) is a function, the Chain
Rule states that:

L1001 = ntteor i)

One way to remember the Chain Rule is:
Step 1: Bring down the power.

Step 2: Reduce the power by 1.

Step 3: Differentiate the “inside”.

IWIOT R [K E [D]
(EIXIAIMIPIL Applying the Chain Rule
Differentiate each of the following with respect to x.
5
= -3y b) fx)= ———
(@) y=(42-3) ®) )= 22
(SIOILIUIT LI IOIN]
5
= (4x* - 3)° b) f(x)= ———
(a) e (42 - 3) ®) ()=
57 = 9(4x* - 3)(8x) _ %(1_696)4
= 72x(4x* — 3)* )
f'(x) = 5(-8)(1-6x)"(-6)
_ _ 120
(1-6x)
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WIREES ()
EX/AMIPILIE & Finding the values of unknowns involving the gradient of a curve

The gradient of the curve y = 4./5x—h , where x = % , at the point (1, k) is 5. Find the values of the
constants i and k.

S[O[L{U[T]I]O]N]
y=4+/5x-h — (1)
= 4(5x—h)%
d _ 4
£ = 4}ex-m2e)
SO | —
~\5x-h @
Substitute x = 1, % =5 into (2):
s - 10
5-h
\ox—-h =2
5-h=4
h =
Substitute x=1,h =1, y = kinto (1):
k= 45-1
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NAME: ,  cLAss: b

1. Differentiate each of the following with respect to x.

(a) (6x+1)° (b) (2-9x)°
12 1
© (5+%x2) @ 510
7
(e) 2(3x5-x-8)° (f) -2y
9
beiin W 4(7-1)
(8) J7+5% (h) 5 X
2. Giventhaty= \/Sz—_x , show that 8%—)}3 =il
3. (i) Express (::: 12) - in partial fractions.
(ii) Hence, find the derivative of X2

(4x+1)*

4. Find the gradient(s) of the tangent(s) to the curve at the given point.

(@) y=(7x-4),whenx= _;.

(b) y=+9+2x,wheny=1

() y=(1-3x)+/1-3x , when the curve intersects the y-axis
5x+2)°

@ y= 22

o

5. The gradient of the curve y = (a/x +b)‘5 +1 at the point (1, 2) is -9. Find the values of a and b.

when the curve intersects the x-axis

6. The tangent to the curve y = % at the point (p, q), where p < 0, is parallel to the line
y - 3x = 1. Show that the distance between (p, q) and the origin is 4/31-2+/3 units.
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e

A

@ bjectives Checklist

« Apply the Product Rule to differentiate functions

¢ and Worked Examples :

To find the derivative of a product of two functions # and v, such that both u and v are functions of
x, the Product Rule states that:

dv, du

d o
i U S

One way to remember the Product Rule is:

Step 1: Copy the first term and multiply it to the derivative of the second term.
Step 2: Copy the second term and multiply it to the derivative of the first term.
Step 3: Add the terms in Steps 1 and 2.

UERSEE
EIXTAMIPIL] Applying the Product Rule

Differentiate each of the following with respect to x.

@) y=@"-2)6-x (b) f(x) = x*Jax+1
(SIOJLIUIT]I]OIN]

(@) y=@"-2)(6-x)*
% =(x*-2) x4(6 - x)*(-1) + (6 — x)* x 3x2
=-4(x* - 2)(6 - x)* + 3x%(6 - x)*
= (6 - x)’[-4(x* - 2) + 3x%(6 - x)] ¢——— Factorise the expression.
= (6 — x)*[-4x® + 8 + 18x* - 3x7]
=(6-x)*(8 + 18x2 - 7x%)
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(b) f(x) = x*J4x+1

= x*(4x+1)

1]

= i
f'(x) = xzx%(4x+1) 2(4)+(4x+1)2 x2x
ixz 1+2x\/4x+1
JAx+

_2x7+2x(4x+1) o JAx+1xJax+1 =4x+1
Jax+1
_ 2x+8x%+2x
Jax+1

o,

EDXIAMIPIL

Finding the conditions for the gradient of a curve to be zero
f’i?The equation of a curve is y = (6x + a)(b — x)% The tangent to the curve at x = 1 is parallel to the
line y = 12x - 7. Find a possible pair of the values of a and b.
(S[O[L{U[T[I[O]N]
y=(6x+ a)(b - x)?
L= (6x+a) x 2(b - (1) + (b= 2 x 6
=-2(6x+ a)(b - x) + 6(b - x)*
=2(b - x)[-(6x + a) + 3(b - x)]
=2(b-x)(-6x-a+ 3b-3x)
=2(b-x)(3b-a-9x) — (1)
Substitute x = 1, % =12 into (1):
2b-1)(3b-a-9)=12
(b-1)3b-a-9)=6
Letb=2: 6-a-9=6

a=-9
.. A possible pair of the valuesisa=-9and b=2
caceall,

| TUTORIAL 11.3: GQuestions 5,6

14 I Additional Mathematics




Additional Mathematics | Secondary 3 /4E

NAME: _cLAss: . DATE: e o

Differentiate each of the following with respect to x.
(a) x(5x+2) (b) (6x-1)(10 - 3x)*
() (-x+7)2x+1) (d) (2x+3)(2x - 3)(2+* + 3)°

Differentiate each of the following with respect to x.

(@) Vx(x+1)° (b) 8xJI-4x
(© Bx+DJ7x-2 (d) (-;-Jhs)ﬂ

By first expressing each expression as a product of two factors, differentiate each of the
following with respect to x.

@) x(6x+1)(x-3)° (b) %(x—S)(10x2+7)5

Given that f(x) = (Vx —1)v/x+4, show that f'(x) can be expressed in the form 2x+a/x+4

WP +axt

where a and b are constants to be found.

The gradient of the curve y = a(3x —1)’\/x+a at the point (0, -8) is m. Find the value of a and
of m.

The equation of a curve is y = (x* + 5)(2 - px)’, where p is a non-zero constant.
() Find an expression for %x}i -

(ii) Hence, show that the gradient of the tangent to the curve can be 0 for values of p except
2 2
< == andp>—=.
P \/315 andp \/315
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NAME: ) ___ CLASS: _ __ DATE: _

1. Differentiate each of the following with respect to x.
(@) x(5x+2)° (b) (6x-1)(10 - 3x)*
() (x*-x+7)(2x+1) (d) (x+3)(2x-3)2x*+3)

2. Differentiate each of the following with respect to x.

(a) Vx(x+1)° (b) 8x+1-4x
© (Gx+17x—2 (d) (%\/hs)\/g-xz

3. By first expressing each expression as a product of two factors, differentiate each of the
following with respect to x.

(@) x(6x+1)(x - 3)® (b) %(x—S)(le2 +7Y

4. Given that f(x) = (Vx -1)vx+4, show that f'(x) can be expressed in the form 2x+ax+4 b
24x% +4x°

where a and b are constants to be found.

5. 'The gradient of the curve y = a(3x-1)’Vx+a at the point (0, -8) is m. Find the value of a and
of m.

6. The equation of a curve is y = (¥ + 5)(2 - px)’, where p is a non-zero constant.
(i) Find an expression for % :

(ii) Hence, show that the gradient of the tangent to the curve can be 0 for values of p except

2 2
p< NG andp>m.
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P bjectives Checklist

o Apply the Quotient Rule to differentiate functions

To find the derivative of a quotient of two functions u and v, such that both u and v are functions of
x, the Quotient Rule states that:

du  dv
_d_(z) Sukdi it de
dx\v/ — 22

One way to remember the Quotient Rule is:

Step 1: Square the denominator.

Step 2: Copy the denominator and multiply it to the derivative of the numerator.
Step 3: Copy the numerator and multiply it to the derivative of the denominator.

Step 4: Subtract the term in Step 3 from the term in Step 2 to form the numerator.

WIO|R [KTE [D]
(EIXIAMIPIL Applying the Quotient Rule
Differentiate each of the following with respect to x.
_x’+4 AR
(@) y=itd ®) fx) =2
(SIOILIUIT O[N]
_ x*+4
.2 TR
dy _ (7-x)x2x-(x*+4)x(-1)
dx (7-x)*
_ 14x-2x+x*+4
(7-%)°
_ 4+14x-x*
(7-x)
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3x

(B e

3x
(8x—1)
(8x—1)? x3—3xx%(8x—1)_5(8)
£l = 8x—1

1
2

12x
A

- 8x-1
= 3(3x —1)- 132x & Multiply the numerator and denominator by V8x-1.
(8x-1)

_ 24x-3-12x

J(8x-1)°

_ 12x-3

~ J(8x—1)°

HEREER
(E IXTAIMIP L Showing that the gradient of a curve is not parallel to the x-axis

Show that there is no point on the curve y = ; ;"JIC for which the tangent is parallel to the x-axis.

(S[OILJUIT I IO]N]

x+l
2—x
2 _(2-x)x1-(x+1)x(-1)
dx (2-x)°
2—x+x+1

(2-x)

3

(2-x)*

Since % # 0 for all real values of x, x # 2, then there is no point on the curve for which the tangent

is parallel to the x-axis. (shown)
The gradient of a tangent that is parallel to the x-axis is 0.
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— - o  clAss:___ DATE

= 1.4

1. Differentiate each of the following with respect to x.

7%

X el

@ f5x73 W
3

8x-1 @ -5
(c) dx+5 1-9x

2. Differentiate each of the following with respect to x.

5x Jx
(2) Nx+7 ®) 7x—4
3x° 2x-9
© Tl D sx
S g - __ax+b _
3. Show that P m) can be expressed in the form Tk where g and b are

integers to be found.

4. [Itis given thaty = hh;z'" 71 , Where h is a constant.
: : : dy
(i) Find an expression for i
(i) Find the range of values of h for which the equation jx—y = 0 has real roots.

5. (i) Factorise completely the cubic polynomial 6x° — 24x* + x - 4.

97

ii) Express —/—m8M™ ————
() E=p 6x°-24x’ +x-4

in partial fractions.

97

(iii) Hence, find the gradient of the tangent to the curve y = ——5——
6x" —24x"+x-4

at the point

where the curve intersects the y-axis.

20 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

21 I Additional Mathematics




Additional Mathematics | Secondary 3 /4E

ijectives C_:_le_-:-qklis_t

o Find higher derivatives of functions

2 and Worked Examples :

The derivative of a function y = f(x) is denoted by the notations jx—y ,f'(x) and %[f(x)] . If these

first derivatives are differentiated again, the resulting functions, known as the second derivatives,
2

are -37); , '(x) and %{ad}[f(x)]} respectively.

WIO[R KT DI
EIXAMIPIL | Finding higher derivatives of a function

2
Find the first and second derivatives of 6—)‘:2-;—1 with respect to x.

(SIOILIUITI]O[N]
_6x’+1 _ a1
Lety= o 3x+2x ;
% = 3+%(—x‘2) €————— Alternatively, apply the Quotient Rule.
= E’;——;—x'2
1
= 3-
2x*
d2
de; = 0-L(2x)
= h
x3

ﬂﬂ' TUTORIAL ‘”!!& ﬁ:ue_stiahs 1-4
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@ N CIIME-% " Determining whether g, s equal to (Hx_)
d’y . dy\’

Given that y = 4x° - 1, determine whether ax_{ is equal to ('d_i) 2
BEEMNERED
y=4x-1

dy

L =42 -0
=12x2

2
4y _12(2%)

2

= 24x

i (dy )2—-(12x2)2-144x4¢24x s :e(d—y)z
ince |- = = then =5 # (5] -
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NAME: _ . )  CcLASS:__ DATE:__

1.  Find the first and second derivatives of each of the following with respect to x.

(@) y= -lx+9 (b) y=7x3—%
(c) J’=\/;+—8 (d) y=(+3x)°

(e) y=x(6x-1)* ® J’=ﬁ

2. Itis given that f(x) = ( 6x +11)
(i) Find f'(x).

(i) Show that f'(x) = x (%xuu) (35x" +198).

3. Ify= b , where a and b are constants, show that (b- x)d Y k% , where k is a constant

to be found.

4, Q?) Two functions f(x) and g(x) are such that f(x) = —ax *+5vVx-77 and g'(x) = bx , where

a and b are proper fractions. Give an example of the values of a and b such that
8£(9) +48 g'(5) = 3

2 2
5. Given that y =+/x” +1, determine whether %}3’» is equal to %x}i) .
6. Itisgiven that 3 =R+ I+
d d?
(i) Find ay and de; ;
2.
i)
d2
(iii) Find a relationship between dxj: and y.

7. Given the functions f(x) and g(x), which of the following statements are true? Explain your
answer.

(a) Iff(x) = g(x), then f'(k) = g'(k), where k is a constant.
(b) {'(x) can be equal to g"(x) even if f(x) = g(x).
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e

@ Increasing and decreasing functions

ijectives (E_h_ec.kliit.

« Determine whether a function is increasing or decreasing

2 and Worked Examples =

The diagram shows part of a cubic curve y = f(x).

; ; d
When x < g, as x increases, y increases, so Ey >0.

" d
When a < x < b, as x increases, y decreases, so —&% <0.
; ; dy
When x > b, as x increases, y increases, so == > 0.

dx
b 4

5 e

(}‘/ Ea Ib

increasing : decreasing | increasing
function | function | function

To determine whether a function y = f(x) is increasing or decreasing;

5 % > 0in a given interval <> y = f(x) is increasing in that interval

. gx—y < 0in a given interval < y = f(x) is decreasing in that interval
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WIOTR [KE D o
EXTA[MIPILIE " Finding the range of values of x given that y is increasing
(or decreasing)
(i) Given that y = 4x* + 4x* - 4x - 9, find the range of values of x for which y is an increasing
function.

(i) Write down the range of values of x for which y isa decreasing function.

(slofL]ulT] /O[N]
() y=4¢+4*-4x-9
dy _
o =12x+8x -4
=4(3x*+2x-1)
=43x-1)(x+1)

Since y is an increasing function, ay > 0.
43x-1(x+1)>0 .,\ /_|,
(Bx-1)(x+1) >0 e

1
x <-1 =
orx> 3

|
<
|
r.n|1--

(ii) For y to be a decreasing function,

1
-1 =
<x<3
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WIOIR K |E | . 2. i
EIXTAMPILIER Showing that a function is decreasing in a particular interval

2 . -
Show that the function % +16 for x = 0, is decreasing in the interval -4 < x < 4, x # 0.

x
S[OJLIUIT LI IOIN
2
Lety= 216 = x4+ 161
X
& = 1416007
16
=1-=
; e <y
For the function to be decreasing, e © 0.
l—l—f <0
x

2
xzx— 16 <0 &—— x?>> 0 for all real values of x, x = 0
(x+4)(x-4)<0
-4 <x<4
.. The function is decreasing in the interval -4 < x < 4, x # 0. (shown)

mn‘ 7
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NAME: T B - B _____CcLAss: _ DATE: _ —

%ﬂ 11.6

1. The function fis defined, for all real values of x, by
f(x) = 4x%(2 - 3x).

Find the range of values of x for which f is an increasing function.

2.  Find the set of values of ¢ for which f(£) = t* — 1 is a decreasing function.
3. Find the range of values of x for which
(a) f(x) = 2x®+ 5x* — 16x — 49 is an increasing function,

(b) f'(x) =25 - x*is a decreasing function.

4. 'The diagram shows part of the graph of y = 23:—4"; . Find a
x*+

the values of x for which y is increasing. 2x+ 1

\/O ¥

5. The equation of a curve is y = x* + 3x> — 45x + k, where k is a constant.

(i) Find the set of values of x for which y is increasing.

(ii) Find the possible values of k for which the x-axis is a tangent to the curve.

6. Itis given that y = x* — ax® + bx — 7, where a and b are integers. The only values of x for which y
is a decreasing function are those values for which -1 < x < 5. Find the value of a and of b.

3 Do 1q = ; I 2 4
7. Show that the function Y , for x > =, is decreasing in the interval = <x < =.
N T 5 & 5 5

8. Value of a painting. Jacob recorded the market value, $V, of a painting regularly over a period
20 000(1+t) i

of t years and plotted a graph of V against t. Jacob believes that the model V = T
+0.

a good fit for the data.
(i) State the initial value of the painting.

(ii) Jacob regrets not selling the painting in the first year, and he thinks that the value of the
painting will continue to decrease. Suggest how he might have used the derivative of a
function to draw this conclusion.
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NAME: - . e —

@QuiCk Test 11 [Total marks: 20]

1. Differentiate each of the following with respect to x.

@ LE-2.q (3]
(b) (5% +1)(6 - %) [2]

o i 8
2. Find dx[(4_3x)6 ]
(a) by writing the function in the form 8(4 - 3x)", where # is a constant, and applying the
Chain Rule, [2]

(b) by using the Quotient Rule. [2]
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3. Q?) Write down a possible function f(x) for which f'(x) = 0.25x% + 4. [2]

4. The equation ofa curveisy = %x«/xz -9,

(i) State the range of values of x for which this curve exists. [1]

(ii) Find the acute angle, in radians, that the tangent to the curve y = %x\/xz -9 at the point

where x = -5 makes with the x-axis. [6]
(iii) Determine wh ol - i i i i
e whether y = —7—x\,fx -9 is always increasing as x increases from 3. [2]
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