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Ll R 6 Polynomials, Cubic Equations

and Partial Fractions

Chapter Summarz

Polynomials

Expressions |
Remainder Theorem Factor Theorem
- Iff(x) isdividedbyax+b,  ax+ bisa factor of f(x)

~ the remainder is f(u-i-') s f(ml’,) £
. 4, | @

dividend =
divisor x quotient + remainder

To factorise a cubic expression:
Step 1: Use the Factor Theorem to find a
linear factor of f(x), e.g. x - p.

Step 2: Write the cubic expression in the
form (x - p)(ax® + bx + c).

| Step 3: Substitute suitable values of x or

equate coefficients of like powers of
x to find the values of a, b and c.

Step 4: Factorise ax* + bx + c if possible.

—I 1
Equaﬁi_)_ns :
Identities
aibi=
(axb)(a*Fab+ b))

I . To solve a cubic equation:
i—m Step 5: Equate each factor
of the cubic
expression to 0.
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Expressing an algebraic
fraction in partial fractions

Step 1: Use long division.

 Proper fraction <— HURISReED fractiun >

Step 2: Factorise the denominator "

Q(x) completely.
| Step 3: Express Q) partial | ;"‘ v
' fractions according to the é QU=+ =¥ ax%:-b

different cases. i | A B

| | +Qx)=(ax+b)= + p
i ax+b (ax F b)

Step 4: Solve for the unknowns by |
. substituting sulta.ble values of '. B R Ax+B
x and/or comparing ' x’+c?

coefficients of like terms. i T e
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m Polynomials and identities

Pbjectives Checklist

e Add, subtract, multiply and divide polynomials
« Find the values of unknowns in identities

e State the Division Algorithm for Polynomials

> (/l{e% and Worked Examples *

A polynomial in x is the sum of terms, each of the form ax", where n is a non-negative integer.

The degree of a polynomial is the highest power of x.

R =

Linear expression

Quadratic expression 3- %x 2

Cubic expression 4%+ 7x2 -1 3

The value of a polynomial P(x) at x = a is P(a).

If two polynomials P(x) and Q(x) are equivalent, then P(x) = Q(x) is true for all values of x. The
equation is known as an identity.

To find the unknown coefficients in an identity, we can:

« Substitute suitable values of x (Method 1)
» Equate coeflicients of like powers of x (Method 2)

The Division Algorithm for Polynomials states that:

dividend = divisor x quotient + remainder

The order of the remainder is always at least one degree less than that of the divisor.
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ROIR REIE )
XIAMIPIL] Identifying polynomials
Determine whether each of the following is a polynomial. Explain your answer briefly.
(a) 3x*+9x-20 (b) 2Jx-8
1
(c) % @ -+
SIOJLIUITLI{OIN
(@) Yes. The terms in the expression are in the form ax", where each value of n is a non-negative
integer.

1
(b) No. 24/x = 2x? has a fractional exponent.

(c) Yes. % is the constant term in a polynomial. ¢——n=0

(d) No.

8|

= x"* has a negative exponent.

ﬂn'-‘ TUTORIAL 4.1: Question 1

WIOTR K| E D!
(EIXTAMIPIL Adding and subtracting polynomials

It is given that P(x) = 2x° + 6x — 7x + 3 and Q(x) = 4x*> + 7x - 5.

(1) Find an expression for each of the following and state its degree.
(@) P(x)+Q(x) (b) 4P(x) - 6Q(x)

(ii) Show that 4P(-1) - 6Q(-1) = 104.

(S[OILIUIT]I]OIN]
(i) @ Px)+Qx)=02x+6x*-7x+3)+ (4x2+7x-5)
=2 +6x-7x+3+4x*+7x-5
=2x*+10x> -2 & Group like terms.
Degree of P(x) + Q(x) is 3

(b) 4P(x) - 6Q(x) = 4(2x* + 6x* - 7x + 3) - 6(4x> + 7x - 5)
= 8x% + 24x% - 28x + 12 - 24x% - 42x + 30
= 8x® - 70x + 42 €— Group like terms.

Degree of 4P(x) — 6Q(x) is 3
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(i) 4P(x) - 6Q(x) = 8x> - 70x + 42
4P(-1) - 6Q(-1) = 8(-1)* - 70(-1) + 42
= 104 (shown)

ﬂﬂ'ﬁ TUTORIAL 4.1: Question 2

WIO|R [K]E [D]
Egﬁﬁﬂ Finding the degree of the sum or difference of polynomials

éi? Suggest a pair of polynomials P(x) and Q(x) for which the degree of P(x) + Q(x) is greater than
the degree of P(x) - Q(x).

(SIOILIUITLIIOIN]
A possible pair is P(x) = 5x° + 2 - 10 and Q(x) = 5x° - 622

P(x) + Q(x) = (5% + x* - 10) + (5x° - 6x2)
=5x"+x*- 10 + 5x° - 6x*
=10x%-5x*- 10

Degree of P(x) + Q(x) is 3

P(x) - Q(x) = (5x* + x* - 10) — (5x° - 6x7)
=5x + 4% - 10 - 547 + 6x*
=7x*-10

Degree of P(x) - Q(x) is 2

II‘ TUTORIAL 4.1: Question 3
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WIO|R [KTE [D]
(E XTAMIP L Multiplying polynomials

Expand each of the following.
(a) (8x+3)(x*-5x+1) (b) (Ax*-x+7)(2x*-9)

(SIOILIUIT]I O[N]

(a) (Bx+3)(x*-5x+1)=8x(x>-5x+1)+3(x*-5x+1)
=8x* - 40x*> + 8x+ 3x* - 15x+ 3
=8x*-37x*-7x+3

(b) (4x®-x+7)(2x2-9) =4x%(2x - 9) - x(2x* - 9) + 7(2%2 - 9)
= 8x' - 36x7 - 2x° + 9x + 14x% - 63
=8x' - 2x° - 22x* + 9x - 63

M' TUTORIAL 4.1: Question 4

(EXTAIMIPIL Multiplying polynomials to find specific terms

Find the coefficient of x? in the expansion of (6x° + 3x — 2)(5x> - 9x + 4).

S OILIUIT I [O[N]

[ ]
(6x* + 3x - 2!1(_”5::2 - 9x +4) €——— Multiply the terms whose products give the terms in x.

Term in x is 6x%(4) + 3x(-9x) - 2(5x2) = 24x - 27x* — 10x2
=-13x2
.. Coefficient of x? is =13

ﬂﬂ‘ﬂmm@mm 857
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WIOTR IK 1= D}
[EXTAIMIPIL] Finding unknown coefficients in identities

Given that 3x* — 11x — 33 = a(x — 4)(x + 2) + b(x + 2) + ¢ for all values of x, find the values of a, b
and c.

(STO[L{U[T] I O[N]

3x2-11x-33=a(x-4)(x+2) + b(x+2) +¢

Method 1: Substitute suitable values of x
Letx=-2: 3(-2)*-11(-2) - 33 =a(0) + b(0) + ¢ €—Letting x be -2 leaves us with 1 unknown, c.
c=1
Letx=4: 3(4)"-11(4) - 33 = a(0) + b(4 + 2) + ¢ €—Letting x be 4 leaves us with 1 unknown, b.
-29=6b+1
6b =-30
b=-5
Letx=0: 3(0) - 11(0) - 33 = a(-4)(2) + b(2) + ¢ €—Letting x be 0 leaves us with 1 unknown, a.
-33=-8a+ (-5)(2) + 1
-33=-8a-9
8a =24
a=3
na=3b=-5c¢=1

Method 2: Equate coeflicients of like powers of x
Coefficients of x> 3 =a

a=3
Coeflicients of x: -l1=a(-4+2)+b
~11=3(-2)+b
-11=-6+b
b=-5
Constant terms: -33=a(-8)+b(2) +¢

-33=3(-8)-5(2) + ¢
-33=-24-10+¢
c=1
sa=3,b=-5,¢=1

ﬂm‘-‘mr&ém 41 Questions
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Eﬁiﬂéhﬂl Finding unknown coefficients in identities
Given that 4x® — 49x + 60 = (2x - 5)(x + 4)(ax + b) for all values of x, find the values of @ and b.

[STo[L[UIT]I[OIN]
4x® - 49x + 60 = (2x - 5)(x + 4)(ax + b)

Equating coefficients of x’,
4=2a
a=2
Letx=0: 0-0+60=(-5)(4)(b) €—— We can use a combination of Methods 1 and 2 to find
60 = -20b the values of the unknown coefficients.

b=-3
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': ‘ | i

al J- ﬂlﬂa‘ 9 Dividing polynomials
Find the remainder when

(a) 6x*+ 7x - 8 is divided by x - 2,

(b) 4x° - x + 3 isdivided by 2x + 1.

[STo[LIUIT]I[OIN]
(a) 6x + 19 <«+— quotient
divisor—» x-2) 6x*+ 7x- § <+—dividend
—(6x% - 12x)
19x - 8
~(19x - 38)

30 <+— remainder

.. The remainder is 30. €——— 6x*+ 7x — 8 = (x - 2)(6x + 19) + 30

(b) 2xF—x <«— quotient
divisor —» 2x + 1) 4x* + 04 — x + 3 «— dividend
-(4x° + 2:%)
2582 - x
—(-2x% - x)

3 «— remainder

.. Theremainderis3. é— 4x°-x+3=02x+1)2x*-x)+3
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uEEEEL () _
EXIAIMIPILIE Applying the Division Algorithm for Polynomials

It is given that 8x* + 10x° - 135 + 2 = (4%% - x + 1)Q(x) + R(x) for all real values of x. Find Q(x) and
R(x).

(STOlL{UIT[I]OIN]
26+ 3x -3

4x2—x+1r8x4+10x3~13x2+0x+2
—(8xt - 2x° + 2x%)

12x° - 1527 + Ox
(123 - 3% + 3x)

-125%-3x+2
—(-12¢*+ 3x-3)

-6x +5 €——— Stop dividing when the degree of the
remainder is less than that of the divisor.

8x'+10x° - 13x* +2=(4x* - x + 1)(2x*+ 3x - 3) + 5 - 6x
S Qx)=2x"+3x-3and R(x) =5 -6x

mn‘*i’gﬁﬁm 4.1: Questions 12-16
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NAME: aF - - ____cLass: s DATE:

&“A

1. Determine whether each of the following is a polynomial. Explain your answer briefly.
(@) 6-2x (b) (3x+4)?
(© x*+16¥x @)

2. Itis given that P(x) = 3x® + 10x - 2 and Q(x) = 2x* - 6x + 9.
(i) Find an expression for each of the following and state its degree.
(@) P(x)+Q(x) (b) 2P(x) - 5Q(x)
(ii) Show that 2P(-2) - 5Q(-2) = -237.

3. @ Suggest a pair of polynomials P(x) and Q(x) for which the degree of P(x) + Q(x) is less than
the degree of P(x) - Q(x).

4. Expand each of the following,
(@) (3x+5)(x*-8x-7) (b) (6x* +x+2)(10 - x?)

5. Find the coefficient of x* in the expansion of (5x% - x + 1)(2x® + 3x - 9).

6.  Find the value of the constant k for which the coefficient of x* in the expansion of
(3x* + 4x - k)(7x* - 8x + 6) is 0.

7. @ Suggest a quadratic polynomial f(x) for which the product of 2x* - 6x — 1 and f(x) does not
contain a term in x>,

8. Find the values of the unknowns in each of the following.
(@) A(x+5)(x-2)+B(x-2)=4x>+8x-32
(b) A(Bx+1)+B(1-3x)=10
(c) 10x2-33x-20=A(x+1)4-x)+B(4-x)+C
(d) A-x*=12+B(x-3)+ Clx-3)?

9. Given that 5x* - 27x% - 110x + 48 = (5x — 2)(x + 3)(ax + b) for all values of x, find the values of
aand b.

10. Find the remainder when 12x® + 2542 + 3x - 12 is divided by
(@ x-1, (b) 4x+7.
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11.

12.

13.

14.

15.

16.

By using long division, divide x* - x* - 9x% + 23x - 10 by x* + 3x - 2.

(i) Divide 12x° + 5x* + 6x - 8 by 4x - 1 and state the remainder.

(ii) Hence, express 12x* + 5x* + 6x - 8 in terms of 4x — 1.

It is given that 6x° - 10: + 7x — 4 = (2x* + 1)Q(x) + R(x) for all real values of x. Find Q(x) and
R(x).

It is given that -x* + 3x* + 6x* -4 = (x? - 9)Q(x) + Ax + B, where Q(x) is a polynomial.
(i) State the degree of Q(x).
(ii) Find the values of the constants A and B.

Find the quotient and the remainder when 5x* + 10x’y - 6xy* — 2)” is divided by x + 2y.

State whether each of the following is true, false, or if there is insufficient information to
conclude. f(x) # g(x).

(a) Iff(x) and g(x) are polynomials, then f(x) x g(x) is a polynomial.
(b) If f(x) and g(x) are polynomials, then f(x) + g(x) is a polynomial.
(c) Iff(x) and g(x) are non-polynomials, then f(x) + g(x) is 2 non-polynomial.

(d) Iff(x) and g(x) are non-polynomials, then f(x) x g(x) isa non-polynomial.
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w Remainder and Factor Theorems

—

Dbjectives Checkiist

o Use the Remainder Theorem to find the remainder when a polynomial is divided by a linear
factor

o Use the Factor Theorem to factorise cubic expressions

[/

and Worked Examples *

The Remainder Theorem states that:
If a polynomial f(x) is divided by a linear divisor ax + b, the remainder is f (~~2‘~).
In particular, if a polynomial f(x) is divided by a linear divisor x + b, the remainder is f(-b).

The Factor Theorem states that:

ax + b is a factor of a polynomial f(x) < f (—-g.) =0.

If ax + b is a factor of f(x), then f(x) is exactly divisible by ax + b.
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[E[XTAMIPIL Finding the remainder using the Remainder Theorem
Find the remainder when 8x° — x* - 5x + 6 is divided by
(@ x-2, (b) 2x+3.
[STOLIUT]I]OIN]
Let f(x) = 8x° - x* - 5x + 6.

_ 82y - 2*- _3) - g(-3) (-3 - (Hz)
(a) £2) =8(2)-22-5(2) +6 ® £(-3)=8(-3] -(-3) -5[-3)+s

=56 _ 63

.~. The remainder is 56. 4
.. The remainder is —%.

n'"fﬁi'm.u: Questions 1,2
WIOR [K|E D
(EIXTAMIPIL Finding the value of an unknown using the Remainder Theorem

The expression 8x° — px® + x* — 3, where p is a constant, leaves a remainder of -4 when divided by
2x - 1. Find the value of p.

[SIO[LIUITIIIOIN
Let f(x) = 8x° — px® + x* - 3.
By the Remainder Theorem,

n‘TUTlﬁi.lizQuestEonanﬁ "
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WIO R IK | E D)

(E[XTAMIPIL Finding the values of unknowns using the Remainder Theorem
The expression —5x° + ax? + bx + ¢ leaves the same remainder when divided by x + 2 or byx - 1.
(i) Show thata - b=-15.

(ii) /&T? Give an example of the values of @ and b which satisfy the conditions found in part (i).

(S{olL[U[T[I]OIN]
(i) Letf(x)=-5x>+ax®+ bx + c.
Since f(-2) = (1),
—5(-2 +a(-2)2+ b(-2) + c=-5(1)2+ a(1)> + b(1) + ¢
40+4a-2b+c=-5+a+b+c
3a-3b=-45
a—b=-15 (shown)

(ii) A possible pair of values is @ =5 and b = 20.

Eﬂ' TUTORIAL 4.2: Questions 7,8
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uEREEE (4) |
A BEMEE-T Determining whether ax + b is a factor of a polynomial

(a) Determine whether x-3isa factor of x* + x> - 11x - 3.

(b) Show that 4x + 1 is not a factor of 4x> + 6x - 1.

S[OIL[UIT I O[N]
(a) Letf(x)=x"+x*-11x-3.
f(3) =3*+3*-11(3)-3
=0
.. By the Factor Theorem, x - 3 is a factor of x* + x* - 11x - 3.

(b) Letg(x)=4x>+6x - 1.

1Y _af LY sl 1Y
g(‘4 ‘4( 4) *6( 4) :
4
16

... Since g(~i) # 0, 4x + 1 is not a factor of 4x* + 6x - 1. (shown)

n"f‘ﬂr

IAL 4.2: Questions 9-1
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(EXTAIMIPIL[E S Finding the value of an unknown using the Factor Theorem
The expression px® + 10x> + 2x + 40 has a factor x + 4. Find the value of p.

[STO[LIUITLI]OIN]
Let f(x) = px® + 10 + 2x + 40.
By the Factor Theorem,
f(-4)=0
p(-4)° + 10(-4)* + 2(-4) + 40 =0
-64p +160-8+40=0

64p = 192
p=3

89 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

[EXTAMIPILE Finding the values of unknowns using the Factor Theorem

The expression ax® - 17x* + bx + 50, where a and b are constants, is exactly divisible by x* - 3x - 10.
Find the value of g and of b.

[S[OIL{UITLI]OIN]
Let f(x) = ax® - 17x% + bx + 50.
Since & — 3x — 10 = (x — 5)(x + 2), f(x) is divisible by x - 5 and x + 2.
By the Factor Theorem, f(5) = 0 and f(-2) = 0.
£(5) = a(5)* - 17(5)* + b(5) + 50 = 0

125a-425+5b+50=0

125a + 5b = 375
25a+b=75 — (1)
f(-2) =a(-2)* - 17(-2)* + b(-2) + 50 =0
—-8a-68-2b+50=0

8a+2b=-18
dg+b=-9 —(2)
(1) -2): 2la =84
a=4

Substitute a = 4 into (2):

44)+b=-9

16+b=-9
b=-25

s.a=4,b=-25

n‘TUT@RIAl 4,2Guestions14-16
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NAME: —— ) g ) ___CLASS: = DATE:

1. Find the remainder when 9x° - 2x* - 2x + 4 is divided by
(a) x+3, (b) 3x-1.

2. Find the remainder when %(sz +1)(x? —6) is divided by
(@ 1-x (b) =x.

3. When 4% + a(x? + x) - 10 is divided by 2x - 1, the remainder is —% . Find the value of a.

4. 'The remainder is 1 when 2x7 - (a + 2)x? + x + 4 is divided by x + 1. Find the value of a.

5. The function fis defined by f(x) = 16x* + 8ax® — 6x* — 28x + a, where a is a constant. When f(x)
is divided by 2x + a, the remainder is 36. Find the possible values of a.

6. The remainder when iaf -6 is divided by 2x + 3 is equal to the remainder when

3x* + ax* - 7 is divided by 2x - 1. Find the value of a.

7. The expression ax® + 4x* — bx + 2c leaves the same remainder when divided by x - 2 or
byx+1.

(i) Show that2la-b=-12.

(ii) ’d) Give an example of the values of @ and b which satisfy the conditions found in part (i).

8. When px® + gx* + px + q is divided by 2x - 1, the remainder is twice of that when it is divided
by 2x + 1. Find the value of ;—g .

9. Determine whether x + 3 is a factor of x* — 4x% - 11x + 28.

10. Show that 5x - 2 is a factor of 5x° — 7x* - 8x + 4.

11. The function fis defined by f{(x) = x* - 9% + kx — 7, where k is a constant.
(i) Given that x — 3 is a factor of f(x), find the value of k.

(if) Using the value of k found in part (i), show that x + 3 is not a factor of f(x).

12. The expression x° + px* + 5x — 50 has a factor x + 5. Find the value of p.
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13.

14.

15.

16.

The expression %x3 — px*+4 has a factor 2x + 3.

(i) Find the value of p.
(ii) Hence, find the remainder when %x3 — px” +4 is divided by x.

The expression ax® + 10x* + bx — 24, where a and b are constants, is exactly divisible by
#* + 7x - 8. Find the value of a and of b.

The expressions 14x° + px? - 11x + g and 2x* + 3x - 5 have common factors. Find the values of
pandgq.

if? Two factors of a polynomial of degree 3 are 4x + 1 and x - 5. When the polynomial is
divided by x - 3, the remainder is -52. Find a possible expression for this polynomial.
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Cubic expressions, equations and identities

@bjectives Checklist

s ¢ ommm ¢
« Apply the cubic identities a* + b* = (a + b)(a*> F ab + b?)
» State the types of roots of cubic equations

» Solve cubic equations and problems involving cubic equations

7

and Worked Examples -

A cubic expression in x is a polynomial of degree 3, of the form ax® + bx® + cx + d, where a = 0.

We use the Factor Theorem to factorise a cubic expression:
Step 1: Use the Factor Theorem to find a linear factor of f(x), e.g. x - p.
Step 2: Write the cubic expression in the form (x — p)(ax® + bx + ¢).

Step 3: Substitute suitable values of x or equate coefficients of like powers of x to find the values of
a,bandc.

Step 4: Factorise ax® + bx + c if possible.
To solve a cubic equation:

Step 5: Equate each factor of the cubic expression to 0.

The sum and difference of cubes are;

)
ea’-b=(a-b)(a®+ab+b)
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mEEEEE (1)

R

Factorising a cubic expression involving a* + b

Factorise each of the following expressions.

(a) x*+8
(c) 27x° + 64y°

(b) x*-8
(d) 2(x+5)- 250x°

BEECEIEN
@) x¥*+8=x°+2°
=(x+2)(x*-2x+4)

(b) ¥*-8=x>-2°
=(x-2)(x*+2x +4)

(€) 27x%+ 64y = (3x)° + (47)°
= (3x + 49%) (95* - 121 + 16")

(d) 2(x+ 5)*-250x° = 2[(x + 5)° - 125x°]
=2[(x + 5)° - (5%)’]
=2(x+ 5 - 5x)[(x + 5)* + (x + 5)(5x) + (5x)*]
= 2(5 - 4x)(x* + 10x + 25 + 5x* + 25x + 25x7)
=2(5 - 4x)(31x* + 35x + 25)

ﬂ“" TUTORIAL 4.3: Questions 1-3
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O{R [KIE D}
[EXTAIMIPIL Factorising a cubic expression

Factorise 4x* + 1342 - 37x - 10 completely.

S[O[L{UITLIOIN]
Let f(x) = 4x* + 13x* - 37x - 10.
f(2) = 4(2)* + 13(2)? - 37(2) - 10 ¢—— Find a value of p such that f(p) = 0.
=0

. By the Factor Theorem, x - 2 is a factor of f(x).

4x* + 13x> - 37x - 10 = (x - 2)(4x* + bx + 5)

Equating coefficients of x?, € Equating coefficients of x will also yield b = 21.

13=b-38
b=21

4x® + 13x - 37x - 10 = (x — 2)(42% + 21x + 5)

=(4x+1)(x +5)(x-2)

a3 o 430

BINGIEMEE-2 solving a cubic equation

Solve each of the following equations, leaving your answer in surd form where necessary.
(a) x*-8x2+9x+18=0 (b) 3x°+4x*=16x+8

(SIOJLIUIT LI [O[N]
(a) Letf(x)=x*-8x*+9x + 18.
f(-1) = (-1)* - 8(-1)* + 9(-1) + 18
=0
. By the Factor Theorem, x + 1 is a factor of f(x).
K-8 +9x+18=(x+1)(x*+ bx + 18)
Equating coefficients of ¥, €é————— Equating coefficients of x will also yield b = -9.
-8=b+1
b=-9
X -8x+9x+18=(x+ 1)(x* - 9x + 18)
=(x+1)(x~3)(x-6)
When f(x) =0,
(x+1)(x-3)(x-6)=0
x=-1 or x=3 or x=6

sox=-lorx=30rx=6
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(b) 3x° +4x2 =16x+ 8
3x°+4x*-16x-8=0
Let g(x) = 3x° + 4x* - 16x — 8.
g(2) =3(2) +4(2)* - 16(2) - 8
=0
. By the Factor Theorem, x - 2 is a factor of g(x).
3x° + 4x% - 16x - 8 = (x - 2)(3x* + bx + 4)
Equating coefficients of x, ¢————— Equating coefficients of x* will also yield b = 10.
-16=4-2b
2b=20
b=10
3 +4x2-16x-8=(x-2)(3x*+ 10x + 4)
When g(x) =0,
(x-2)3x*+10x+4) =0

ieo  or  xe 10£410°-43)(4)
2(3)
_ -10./52
6
_ -10+2413
-6
_ —5+4/13
-
S =2 orRS \/E?;S or x = _"/?_5

M'TUYORiAi.llB Ouestionsel;'gﬂ.l:,‘ o
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nEEEEE (4D
EXTAMIP L] Solving a cubic equation

The equation of a polynomial is given by p(x) =254+ 19x - 4.

(i) Find the remainder when p(x) is divided by x + 3.

(ii) Show that 5x - 1is a factor of p(x).

(iii) Show that the equation p(x) = 0 has only one real root.

(iv) Use your answers to parts (ii) and (iii) to solve the equation 5%+2 4 19(5) = 4.

[SIOIL{UIT ]I [OIN
(i) px)=25x+19x-4
p(=3) = 25(-3)° + 19(-3) - 4
=-736

.. The remainder is =736.
i) p(L)= 25(L) +19(1)-4
Plg|=*N5] Tel5)"
=0

.. By the Factor Theorem, 5x — 1 is a factor of 25x° + 19x — 4. (shown)

(iii) 25x° + 19x - 4 = (5x - 1)(5x* + bx + 4)
Equating coefficients of ¥2, é—————— Equating coefficients of x will also yield b = 1.
0=5b-5
5b=5
b=1
258+ 19x -4 =(5x - 1)(5x* + x + 4)
When p(x) =0,
Gx-1)5x2+x+4)=0

X= or 5x*+x+4=0

U=

Discriminant = 1% - 4(5)(4)
=-79<0

.. p(x) = 0 has only one real root. (shown)
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(iv) 59+24 19(5) =4
25(5) + 19(5") -4=0 é—————  Manipulate the equation such that it is in the same
form as p(x) = 0.

From (iii),
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NAME: o B . ___CLASS: - ____ DATE:

1. Factorise each of the following expressions.

(a) x¥+27 (b) x*-1000
(c) 64x° +y° (d) =x5-1250°
(e) (2x+y)+(2x-y)p ) 2(x-yy-16°

2. (i) Show thata - bis a factor of a® - b°.
(ii) Hence, factorise a® — b°.

(iii) Using your answer in part (ii), factorise 8x° - 343y"2,

3. (i) Using the substitution u = 27x% or otherwise, express 729x° — 64 as the product of two
factors.

(ii) Hence, express 729x° - 64 as the product of four factors with integer coefficients.

4. Factorise each of the following expressions completely.
(@) ¥-6x*+11x-6 (b) x*+3x*-24x-80
(¢) 553+ 16x2-x-12 (d) -14x°-9x*+32x - 12

5. The polynomial f(x) is given by f(x) = 5x° + 14x? - 23x + 4.
(i) Show that 5x - 1 is a factor of f(x).

(ii) Express f(x) as a product of three linear factors.

6. (i) Show thatx + 3isa factor of x® - 3x% — 10x + 24.
(ii) Factorise x* - 3x* - 10x + 24 completely.

7. The polynomial f(x) is given by f(x) = 6x* - 11x% - 50x - 8.
(i) Find the remainder when f(x) is divided by x.
(ii) Show that (x — 4)(x + 2) is a factor of f(x).

(iii) Express f(x) as a product of three linear factors.

8.  Solve each of the following equations, leaving your answer in surd form where necessary.
(@) x¥*-7x*-10x+16=0 (b) 9x°-30x2-23x-4=0
() 8x*-12x*+6x-1=0 (d) 4x°-x*-28x-15=0
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10.

11.

12,

13.

14.

(i) Find the value of a and of b for which 6x* - 5x + 1 is a factor of6xt+x* +a(x*-x) +b.

(i) Using the values of @ and b found in part (i), solve the equation
6x*+ x> +alx*-x)+b=0.

The equation of a polynomial is given by p(x) = 4x° + 7x* + 18x - 5.

(i) Find the remainder when p(x) is divided by x + 3.

(ii) Show that 4x — 11is a factor of p(x).

(iii) Show that the equation p(x) = 0 has only one real root.

(iv) Use your answers to parts (ii) and (iii) to solve the equation
2424 7(2%) + 9(2 ") = 5.

2

Factorise 125x° — 27 and hence prove that x* = 135

has only one real solution.

The function f(x) = x* + ax® + x + b, where a and b are constants, is exactly divisible by x + 5.
Given that f(x) leaves a remainder of 26 when divided by x + 4,

(i) find the value of @ and of b,

(ii) determine, showing all necessary working, the number of real roots of the equation
f(x) =0.

(i) Solve the equation x* + 3x* — 6x - 8 = 0.
(ii) On the same diagram, sketch the curve y = x* + 3x” — 4x and the line y = 2x + 8. Indicate
clearly the coordinates of the points of intersection.

(iii) Q?) The equation x* + 3x* — 4x = ax + b has exactly one real root. Suggest a pair of values
of aand b.

The term containing the highest power of x in the polynomial f(x) is 3x*. Two of the roots of
the equation f(x) = 0 are -1 and 4. Given that x* - 3x + 6 is a quadratic factor of f(x), find

(i) an expression for f(x) in descending powers of x,
(ii) the number of real roots of the equation f(x) = 0, justifying your answer.
The straight line L meets the curve y = f(x) at one point only.

(iii) Given that L is not a tangent to the curve, what can be deduced about L?
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ijectives C.I__hegkliit.

« Express algebraic fractions in partial fractions

2 and Worked Examples :

An algebraic fraction is of the form % , where P(x) and Q(x) are polynomials and Q(x) # 0.
P(x)
Q(x)

If the degree of P(x) is greater than or equal to the degree of Q(x), then

If the degree of P(x) is less than the degree of Q(x), then

is a proper fraction.

P(x)
Qx)

is an

improper fraction.

To express an algebraic fraction in partial fractions:

Step 1: If the algebraic fraction is an improper fraction, use long division to express it as the sum of

a polynomial and a proper fraction M, then consider the proper fraction in the

Qx)

next steps.

Step 2: Factorise the denominator Q(x) completely.

Step 3: Express Pix)

in partial fractions according to the table below.

Qx)
Step 4: Solve for the unknowns by substituting suitable values of x and/or comparing coefficients of
like terms.

1 | linear factor ax + b A =10 _ 2 1
ax+b (x+4)(x-3)  x+4 x-3
2 repeated linear factor A & B 2x+1 _ 1 i 6
(ax + by ax+b” (gxrb) (2x-57  2x-5" (2x-5)°
3 | quadratic factor x> + ¢ Ax+B VlalT1E o B B8
(which cannot be factorised) x*+8° (Bx=2)(x*+4) 2(3x-2) 2(x*+4)

101 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

/' Proper fraction with distinct linear factors in the denominator

in partial fractions.
S{OJLIU[T[I]OIN!
x=10 _ x-10 - Factorise the denominator.
wlex—12  (x+4)(x-3) ~

x-10 _ A B
Let D) (x—3)  x+4 x-3

x-10=A(x-3) + B(x +4) ¢—— Multiply throughout by (x + 4)(x - 3).
Letx=-4: -4-10=A(-4-3)+ B(0) ¢—— Letting x be -4 leaves us with 1 unknown, A.
-14 =-7A
A=12
Letx=3: 3-10=A(0)+B(3+4) <¢—— Alternatively, equate the coefficients of x: 1 =A + B
-7=7B
B=-1
x-10 _ 2 1

" xT4x-12 x+4 x-3
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- Bg jﬂiﬁﬂl / Proper fraction with repeated linear factors in the denominator
2x+1 : .
Express Gx—5) in partial fractions.
[S{O[L[UIT]I1OIN]
2x41 A . B
(2x-5)* ~ 2x-5 (2x-5)
2x+1 =A(2x-5)+B € Multiply throughout by (2x - 5)
Letx = %: 2(%)4»1 =A(0) + B ¢———— Letting xbe % leaves us with 1 unknown, B.
6=B
B=6
Letx=0; 2(0) + 1 = A(-5) + B ¢— Alternatively, equate the coefficients of x: 2 = 24
1=-5A+6
5A =5
A=1
2x+1 _ 1 2 6

"(2x-5) 2x-5 (2x-5)
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NEREEE () |
HduEE 7 Proper fraction with repeated linear factors in the denominator

2x1+6x+7
(x e 1)

SOILIUITIIIOIN]

2x*+6x+7 _ A B  _C
(x=2)(x+1)> x=2 x+1 (x+1)°

232+ 6x+7 =A(x+1)> + B(x - 2)(x + 1) + C(x - 2) €¢———— Multiply throughout by
Letx=2:  2(2)*+6(2) +7 = A(2 + 1)* + B(0) + C(0) \f\ (x-2)(x+1)%

Express in partial fractions.

Let

27 =9A Letting x be 2 leaves
A= B us with 1 unknown, A.
Letx=-1:  2(-1)*+6(-1) + 7= A(0) + B(0) + C(-1 - 2) é———— Letting x be -1 leaves
3=_80C us with 1 unknown, C.
C=-1
Letx=0:  0+0+7=A(1)*+B(-2)(1) + C(-2) < Letting x be 0 leaves
7=42B =20 us with 1 unknown, B.
7=3-2B-2(-1)
2B =-2
B=-1
2x°+6x+7 _ 3 1 1

T (x-2)(x+1)? x-2 x+1 (x+1)

ﬂdﬁ!-‘ 1 BV
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e .
IM[PIL]E; - Proper fraction with quadratic factor (which cannot be factorised)

in the denominator

14-11x

—18=-°X _ in partial fractions.
Express (3x~2)(x2 vy P
(sfoL{ulT]I{OIN]
Lo LLE . A BEtl o E+dz(x+2)

Gr_2)(x*+4) 3x-2 x*+4
14 - 11x = A+ 4) + (Bx + O)(3x - 2) ¢—— Multiply throughout by

2 (3x - 2)(x* +4).
Letx = %; 14—11(%): A[(%) +4]+0 \
20 40 Letting x be 2 leaves us with 1 unknown, A.
LY =0 3
3 9
_3
d=3

Letx=0: 14 -11(0) = %(0+ 4)+C(-2) €é—— Letting x be 0 leaves us with 1 unknown, C.

14=6-2C
2C=-8
C=-4
Equating the coefficients of x?,
0=A+3B
0= %+3B
=2
3B= 5
=_1
e 2
3 1
Mol 8 SgP
& . = + =
(Bx-2)(x*+4) 3x-2 x*+4
. 3 __x+8
2(3x-2) 2(x*+4)
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EJXAMIPIL Expressing an improper fraction as the sum of a polynomial and
partial fractions
Express 2% z +9z ;(_40;)_ 2 as the sum of a polynomial and 2 partial fractions.
X+ x—
(S[OJLIUIT [ ]OIN
2% z +9:x ;(‘ 40x)— 2_5¢+ ?x -40x-2 Degree of numerator >
x+4)(x-2 x*+2x-8

Degree of denominator

5 - 1

x2+2x-8) S04 92— d0x— 2
-(5x° + 10x* - 40x)

-x* + 0x- 2
~(-%* - 2x+ 8)
2x-10
5x° +9x*—40x -2 2x-10
b =5y lea—S=__2
o+ 4)(x—2) = (% =)
Let—2%=10 _ A B

(x+4)(x-2) x+d x-2"
2x-10=A(x-2) + B(x +4) €— Multiply throughout by (x + 4)(x - 2).
Letx=-4: 2(-4)-10 = A(-4 - 2) + B(0) ¢——— Letting x be ~4 leaves us with 1 unknown, A.

-18 = -6A
A=3
Letx=2: 2(2)-10=A(0) + B(2+4) &— Alternatively, equate the coefficients of x:
% =68 2=A+B
B=-1
2x-10 3 1

(x+4)(x-2) x+4 x-2

5x° +9x% —40x -2 3 1
£ =5x-1+—2___1_
(x+4)(x-2) by

ool g0s sedass e
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NAME: o . CLASS: ... _ DATE:_
gUTORIA 4’4
1. Express each of the following in partial fractions.
(a) __23x+4 i R i
) Bx-1)(x+2) (8x—3)(4x+7)
5x-26 d 1
(© x*-4 @ 305’ +6x
2. Express each of the following in partial fractions.
(a) 12x+14 (b) 40x-23
(4x+7) 25x* -30x+9

3. Express each of the following in partial fractions.
x’—24x-27 x” —42x+159

(a) x*(x-9) (b) (x+3)(x—4)*
4. Express each of the following in partial fractions.
2x +x+2 2x-4
® “eE.n ®) w2
14x* -7x+1 —8x>
o) —aE —IEtld @ 25=8x"

(Bx-1)(x>+9) 5x° +25%

(x+4)*
x*(x—

5. Express as the sum of three partial fractions.

6. Express each of the following as the sum of a polynomial and a proper fraction.
(@) 8x”+18x-57

9x’ +3x°
T b) 5

9x* —6x+1

2
7. Express —22’% as the sum of a polynomial and partial fractions.
Xt —x-

8. (i) Usinglong division, divide x* - 2x* - 12x - 15by 9 - x°.

2 3
(ii) Hence, express M_;E;x_ as the sum of a polynomial and partial fractions.
x —

9. (i) Show thatx -4 isa factor of x* — 4x* + 16x - 64.

3 2
(ii) Express 3% 3_13"2 +32x=272 4 the sum of a polynomial and partial fractions.
x’—4x" +16x-64
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*meld . : 7 4x-1
10. Aaron wrote that —X—%**22 i equivalent to ———-=2—.
(x+1)(x*+5) 4 x+l x245
(i) Show how it is possible to verify that Aaron is incorrect without finding the partial
. e T b
feactionsof X —XE1e
: (x+1)(x2+5)
. i Z_x+12
ii) Find the correct partial fractions of —X—X*32
(ii) Find thec p (£1)(x* +5)
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NAME: i ___cLAass: DATE:

@ Quick Test 4 [Total marks: 25]

1. A polynomial f(x) is such that, when it is divided by x + 1 and 3x - 4, the remainders are -5
and 2 respectively. Find the remainder when f(x) is divided by 3x* - x - 4. (4]

2. The function f(x) is defined by f(x) = x> + ax® + bx + 16 for all real x. Given that x + 4 is a factor
of f(x) and that when f(x) is divided by x + 3 the remainder is 1,

(i) find the value of each of the constants a and b, (4]
(ii) express f(x) as the product of linear factors. [3]
(iif) Hence, find the number of real roots of the equation x° + ax* + bx® + 16 = 0. [2]

109 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

3. Given that f(x) = 3x° - 17x% + 18x + §,

(i) find the remainder when f(x) is divided by x + 6, [2]

(ii) show that x - 4 is a factor of f(x) and hence solve the equation f(x) = 0. (4]

4. (i) By usinglong division, divide 2x* - x* + 8x - 4 by 2x - 1. [1]
9x+4

(ii) Express o

P’ 1871 in partial fractions. [5]

110 I Additional Mathematics



