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R R e

‘ o The equation simplifies to

I
|

| o The equation simplifies to

logarithmic equation

Logarithmic and exponential equations

exponential equation

log. p=log q<p=gq

10gﬂx=b©x=a”

T R e I T T

gh=p

p@™) +q(a”) +r=0

o b can be expressed as @: |
ad=d=x=y

e b cannot be expressed
asa:xlga=Igh=
L

lga

PR T ey

To solve an exponential
equation p(a®) + q(a*) + r
=0:

Step 1: Let u=a*to geta

quadratic equation
inu.

~ Step 2: Factorise the

expression on the
LHS and solve for
the value(s) of u. 5.1
Step 3: Replace u with a*
to solve for the
value(s) of x.
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Exponential expressions and equations
M/

@bjectives (.:‘_rlggkﬂsi

« Simplify expressions involving exponents

« Solve equations involving exponents

>(/lsfe and Worked Examples: —
Recall that g4r<— index,

base

Ifa >0, b> 0, and m and #n are real numbers, then the 5 Laws of Indices state that:

Taw:l; a% cqr—gr
Law 2: %— = i
a
Law 3: (a™)' = a™
. Law 4 @ x b" = (ab)"

e Sdd
- Law5: b"“(b)

Ifa > 0and n > 0, then the 3 Definitions of Indices state that:

Definition 1: a°=1
Definition 2: a7 = -!"- '
a

1
n

Definition 3: a” = /a

Extending Definition 3, we have:

a" = (¥a)" = Yo"
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ma@ P o

WIOIRIK = DI
E%jﬂ?ﬁiﬂl " Simplifying exponential expressions
Without using a calculator, simplify each of the following.
(a) 16°x16% +160 (b) (25°+5)x2
2
NEREIS
(© (B)x(3)"+{3)" ) [(%@)" ” —3-4—3) ].,7 :
[slolL{ulTlIIOIN
(a) 16% x16% +16f77 = 16%4'%‘% ¢ atxg'=g" "and a” +a"=a
e1g?
=1
(b) (25°+5%) x2°=(25+5)*%x2} ¢ a'+b'=(a+b)
=5° % 2°
=(5x2)} £ a*x b"={(axb)"
=10°
=1000

=32x32+3% ¢ () =a™
2.1 5 2 i
=g 2 2 £ a™ x a"=a"*"and a”
—2-1
1 o1
=3 3 a'=—
a

7

= (7% +72)X 7% & (am)n = g™

2 1
= 73 x73 < am__:_af::amuu
p |
—m3Y3 " H o o+
< a"xXa"=aqa

ﬂ“‘wmmm Question 1

+at=g"-

-

n
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WIO[R K E D]

(£ XTAMIP]L ] E Simplifying exponential expressions

2x+1 .
Simplify BUE L ;| express it in the form ka*, where a and k are integers.

Sx—z +24,\:—6

(S[OJLIUIT]I]OIN]
16x+42x+1 _ (24)z+(22)2x+1

8x—2+24x46 (23)3—2 +24::—6

_ 24x+24x+2
231—6+24x-6

23x-6—4x+5

_ 2% +4(2%)
-2
_ 5(2"%)
=24

=5 (2

ol 402 sedase e

(WIO|R [KTE D

24x % (24.1: )(22)

5(24x - (~x)) (

(anz)n # am +n

flm ;::
a7

(EIXTAMIP L Finding the value of an exponential expression
Given that 5%*# x 4*-! = 10**3, find the value of 10*.

(S{OL{UIT]I[O[N]
52x+4x 4x~1 = 10x+3
524y (22)-1 = 10% x 107
Bt 22-2 = 107 10°
5“x5"x22"x-‘]‘1- = 10 x 1000

57 x2** _ 1000x4

10* 5
102x _ 2
108 5

« - 32
107= %

ﬂ“‘ TUTORIAL 6.1: Questions 3,4
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EBCAMIPILIES Solving equations involving exponential expressions

Solve each of the following equations.

@) ¥ =1 (b) 27%-9%+1=0
-3x
x X+ ]- 2x-4 L -
() MFEx2#+!=o (d (5) +(\3/§) =26
(S[OILIUIT]|IO]N]
(a) 7:52—4 — (b) 272 _ g5+l = ()
7x2—4 - 70 272.:: = 95x+1
x2-4=0 (33)2x L (32)5x+l
x’=4 36x — 310x+2
x=12 6x=10x + 2
4x=-2
_
AT
-3x
(c) 11%x2%+1= 41—4 (d) (5)>* +(%) =26
1
11 2% % 2= — 1\2%-4 g g\
414 (52) " u(s3) " =26
17x (27 = g5 5724 5= 26
11’=x8x=% §—2+5*=26
88x = 88_1 L x : 26
oy 25(5 )+5
i 26+
5 =2
25(5 ) 6
5% =25
5x s 52
w=2

ﬂﬂ' TUTORIAL 6.1: Question 5
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%ﬂ: | iE'.
EXTAMIPIL Solving equations involving exponential expressions and substitutic
(i) Given that u = 2% express 2! =5(2""%) - 32 as an equation in .

(ii) Hence find the values of x for which 22+l = 5(2%+2) _ 37,
(iii) Explain why the equation 22*!= 5(2**?) — k has no solution if k> 50.

slofL{u]TlI]O[N
()  21=5(27%)-32
2% % 2 =5(2*%x 2% - 32

(292 %x2=52:x4)-32 — (1)
Substitute u = 2* into (1):
2u? = 20u — 32

22 -20u+32=0
w-10u+16=0

(ii) 2=*'=5(2*%)-32
From (i),
w-10u+16=0
(u-2)(u-8)=0
u=2 or u=8
When u=2,ie 2°=2,
x=1
When u =8,ie 2=8,
=2
x=3

&y 6= lorxy=3

)  2=1=5(252) -k
x2=52x2) -k
()% 2 =5(2%x 4) - k
Substitute u = 2%
2P =20u-k
2 -20u+ k=0
Discriminant = (-20)? - 42)(k) ¢———— a=2,b=-20,c=k
=400 - 8k
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When the equation has no solution,
Discriminant < 0
400 - 8k <0
8k > 400
k > 50

. The equation has no solution if k > 50.

ﬂn‘ TU?Oi? IAL 6.1 Quesilonsﬁ—s

ARNEEE Solving simultaneous equations involving exponential expressions

Find the values of x and y which satisfy the equations

5x+y = 3/125 y

g Iy
20

(S[OILIUIT I [OIN]
o= Y — (1)

g o

From (1),
=5
x+y=1 —(3)

y-2x=4 —{4)
(3)-(4):3x=-3
x=-1
Substitute x = -1 into (3):
-1+y=1
y=2
Lx=-Ly=2

mn‘ TUTORIAL 6.1: Questions 9-1
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NAME: _ N _CLASS: DATE:

1. Without using a calculator, simplify each of the following.

() 457x457¢+455 (b) (65 245) x 210
py ATXAES @ YBIxt+y3-3
N -

6
I 1 sl 1 1
2 X 3 r—p——t
(e) 497 x49* +343 () (“_121* ;——lzll_x)
2x-1 +54x+1

(53;;-1)2

3. Without using a calculator, find the value of 10 000%, given that 5+2 = 20%-~,

2. Simplify -] and express it in the form ka %, where a and k are integers.

1-x
4. Given that+/343" = 7—49— , find the value of /343 .

5. Solve each of the following equations.

(a) 27x=$ (b) 11'= 41331
(© 6°° =216 (d) (499 =7x+3
(e) 5%4*:% ® 32 =373

6.  Using the substitution u = 3%, solve the equation 3**! + 3= = 4,

7.  Using a suitable substitution, or otherwise, solve each of the following equations.
(@) 6°-6'"*=5
(b) 2x+2,__2x+!: 128

8. (i) Given that u = 3%, express 3**! = 4(3**2) - 34 as an equation in u.
(ii) Hence find the values of x for which 3%+! = 4(3%%2) - 34,
(iii) Explain why the equation 3**! = 4(3**?) _ k has real solutions only if k < 108.

x+2y
9.  Find the values of x and y which satisfy the equations +/5** = 1255 = B2,
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10. Without using a calculator, solve, for x and y, the simultaneous equations
5% 125" =1,

1
81%-4+ 3 =277,

11. Find the values of x and y which satisfy the equations
4* -9 =13,
-1y prl=31,
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Dbjectives Checklist

« Simplify expressions involving logarithms

¢and Worked Examples =

The exponential form (or index form) y = a* is equivalent to the logarithmic form x = log, y, where
a>0,a#l

index
y=a* < x=logy
LS base_ 4

For log, y to be defined, 4> 0,2 % Land y > 0.

Converting between the index form and the logarithmic form is useful in solving equations:

e . e

S

Foranya>0,a=#1,
Special Property 1: log a = 1
Special Property 2:log, 1 =0

In particular,1Ig 10 =1andIg1 =0;lne=1andIn1=0.

log,, is the common logarithm and is denoted by Ig.

log, is the natural logarithm and is denoted by In.

.
I mMm®rPr o
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WIOLR [K|E 1D @ _
IXTAMIPIL Determining whether a logarithm is defined

(i) Determine whether log, (8 - x) is defined for each of the following values of x.
(a) 3 (b) 1

© -3 (d) 24

(i) Find the range of values of x for which log_(8 - x) is defined.

(s{ofL{U[T]IIOIN]
(i) (a) When x = 3, we have log, 5. 5>0and3>0
- log, 5 is defined.

(b) When x = 1, we have log, 7.
Since the base is 1, log, 7 is not defined.

17

(c) Whenx= —l,wehave log 15g

2 2
: T 17 .
Since the base is = 0, log | - isnot defined.
2
(d) When x = 24, we have log,, (-16).
Since -16 < 0, log,, (~16) is not defined.

(ii) Forlog (8 -x) to be defined,
sl 8-x>0 and o
x<8
L0<x<8,x%1

ﬂ‘ TUTORIAL 6.2: Questions 1, 2
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(E [(XTAMIP L] Converting index form into logarithmic form
Convert each of the following into logarithmic form.
(@) 3*=81 ®) 52= -1
(o) 10°=60 d =79
(SIOILIUIT]I]O]N]
(a) 3*=81 2= L
(B} Fi=oa
= 1
4 =log, 81 -2 = 10gsg
(e) 10°=60 (d =79
a =log 60 n =log, 7.9

M&?@msﬁans %

(E IXTATMIP L] Converting logarithmic form into index form
Convert each of the following into index form.
(a) log, 128 =7 e
9 (b) lo:)g7 343 = 3
(c) a= log, 5 (d) n= log, 2.6
(SIO[LIUIT]I]O]N]
(@) log,128=7 =
3 (b) log. 343 = 3
27=128 ga_ A
343
(c) a= log, 5 (d n= log, 2.6
=5 b"=2.6

T,R i AR D il
BAEEY ryroriaL 6.2: Questions 4-6
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I meOP» T

[E XTA[MIPILIE ' Finding an expression for a logarithmic term

Given that log, a = mandlog, . b=1, find an expression, in terms of m and n, for ab.

(s [olLIUITLIIOIN]

From log, a = m, we have a = 5"

From log,,, b = n, we have b = 125" = 581,
% ﬂb — 5m X 53n = 5m+3n

ol ek iesictiaings

WIOR K £ DI

[EIXIAIMIP L [E & Evaluating common logarithms and natural logarithms
Use a calculator to evaluate each of the following,

(a) lg6l (b) 1go0.61

(c) Inde (d) In4+Ine
BEEMEEEN

(a) lg61=1.79 (to3s.f) (b) Ig0.61=-0.215(to 3s.f)

(¢) Iln4de=2.39 (to3s.f) (d) In4+Ilne=2.39(to3s.f)

[E IXTAMIPIL Applying special properties of logarithms

(a) Without using a calculator, find the value of log_ 7 - 51og,, 1.
(b) Given that p > 1, evaluate (logp prEx(3lne).

[SIOILIUIT]1]O[N]

(@) log,7-5log,,1=1- 5(0) (b) (logpp)6 x(3lne)=1°%x(3x1)
=1 = 3

n‘; TUTORIAL 6.2: Question 10
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WIOTR [K1E D] @

(EIXTAIMIP L # Solving simple logarithmic equations
Solve each of the following equations.

(a) log,x=2 (b) In5x=1.6

() log 8=3 (d) log (8x-7)=2

[SIo[LIUIT]I O[N]
(@) log,x=2
x =9°

=81

(b) In5x=1.6
5x =e!'$
1

16
X = =€
5

=0.991 (to 3s.f)

(c) log 8=3
xdi—18
x=3E

=2

(d) log (8x-7)=2
xX¥=8x-7
X-8x+7=0
x-1D(x-7)=0
x=1 or x=7
(rejected)
s x=7 &——— Thelogarithm is not defined when x = 1.
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NAME: ] S e | et ~__ CLASS: DATE:

= 62

1. Find the range of values of x for which log_(x — 4) is defined.

2. Q? Suggest a value of x for which log__ (19 - 3x) is defined.

3. Convert each of the following into the logarithmic form.

= -2 = _1..
(@) 5°=125 (b) 7= 75
() 8=09 (d ai=6
4. Convert each of the following into the index form.
= - =
(a) log,243=5 (b) log“ﬁ =-3
(c) x= log, 7 (d z= Iogy 9.08

5. Given that 10¥ - 3 = x, find an expression for y in terms of x.
6. Itisgiven thatln (5x - 2y) = k + 6, where k is a constant. Express y in terms of x.

7. Given thatlog, @ = m and log, b = n, find an expression, in terms of m and 1, for each of
the following.

2 =
(a) ab (b) e

8. Itis given thatlog, a =m,log, b=nand % = 9" Express k in terms of m and n.

9. Use a calculator to evaluate each of the following.

@@ lg30 ®) lg3
(©) 1n§ (d) Ine-In26

10. Without using a calculator, simplify each of the following.

(a) log,6-249log,1+31g10 (b) %Inex(logs_5 5.5)5'5
88
(© (5-3log, 3 @ ol+lg)”
88
(e) log, (21-201lne) ® /(3log,7) +16(g10)*
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11. Solve each of the following equations.

(a) log,x=6
(c) log, (7x+ 9)=1
(e) log (5x-4)=2

(g lg(nx)=0

(b) Inx=-0.5

(d) log 625=4

(f) 3(log,x)*=log,x
(h) In(gx)=3
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Laws of Logarlthms and Change of

Base Formula

gbjectlves Checkllst

e ¢ =mmm ¢

« Simplify expressions involving logarithms

¢ and Worked Examples :

If a, x and y are positive numbers, a # 1 and r is a real number, then:

Product Law of Logarithms:  log x +log, y =log_xy
Quotient Law of Logarithms:  log x - log y = Icgay '
- Power Law of Logarithms: log, x"=rlog, x

If a, b and ¢ are positive numbers, 2 # 1 and ¢ # 1, then:

g b ooifed
og a Ioga

- Change of Base Formula:  log b=

Foranya>0,a#1,

Special Property 3: 4% =

155 I Additional Mathematics



Additional Mathematics | Secondary 3 /4E

[EXTATMIP L] Applying the Product Law

(a) Express each of the following as a single logarithm.
(i) log 24 +log,6 (ii) log 25+ log, 1.2 +log, 10
(b) Simplify each of the following.

(i) log,3+log,5 (ii) log, 2.5 +log, 0.2 + log, 2

BREMEREN
(@) (i) log,24+log 6=log (24x6) < log_x +log, y =log xy
=log, 144

(i) log, 25+log, 1.2 +log 10 =log (25x 1.2x 10) €— log x +log, y =log, xy

= log 300
(b) (i) log.3+log 5=log, (3x5) < log x+log, y=log, xy
=log . 15
=1

(ii) log,2.5+log 0.2 +log,2=log, (2.5x0.2x2) <— log x +log, y =log, xy
=log, 1
=0

ﬂn‘. TUTORIAL 6.3: Questions 1, 2
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EYViE r"'
&' ﬂ
lER fill! ixlﬂ. Applying the Quotient Law
(a) Express each of the following as a single logarithm.
(i) log 81 -log, 27 (ii) (log, 60 —log, 6) —log, 2
(b) Simplify each of the following.
(i) log, 126 —log, 63 (ii) log,, 50 - (log, 100 - log, . 2)
(STOILIUIT]IIOIN]
(a) () log, 81 -log 27 = logs 27 < log x~log y= iagd—f
=log, 3

(ii) (log,60 -log 6) -log 2 = log log 26— log x-log y= 1051:;
= loga 10 ~log 2

= log_
=log, 5
(b) (i) log,126-1log,63= log. = 126 & log x-log y= }og,da;
=log, 2
=1

(i) log, 50 - (log, 100 - log, , 2) = log“ 50—10g48% <— log, x-log y= logag

=log,, 50 - log, , 50
=0

Y

m‘"tmommi. 6.3:Questions 3-5
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[EXTAMIPILIE Applying the Power Law

Find the value of each of the following.

(a) log5\/125 (b) 3/log2256
sTofL{ufTlI O[N]

3
(a) lc:)g5 125 = 10g552

log 5 ¢— log,»"=r log x

MW W

(b) yflog,256 = 3flog, 2°

= 3/810g22 < log x"=rlog x
=38

=2

MICRIED
[E IXTAMIP]L] Simplifying logarithms using the Laws of Logarithms

Express 3 + log, 10 as a single logarithmic term.

S[OJLIUT]I1OIN]
3 +log, 10 = 3 log, 6 +log, 10

=log, 6’ +log 10 <€ rlog x=log x’

=log, 216 + log, 10

=log 2160 < log x +log, y=log, xy
ﬂ‘"’ o
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WIO|R [K1E |D]
(EXIAMIPIL | Applying the Change of Base Formula
Use a calculator to evaluate each of the following.
(a) log,9 (b) log,3.5
(SO[LIUITII]OIN]

1g9 In9
(a) log,9= lg_Z = of 3

=3.,17 (to 3 s.f.)

b) log 35= 22 ¢— o 3.5
s Ig7 " 7

=0.644 (to 3 s.£))
WIO|R [K'E D] :
(E XTATMIP L | Simplifying logarithms using the Change of Base Formula

Without using a calculator, show that log, 8xlog 7xlog 52=6

(SIOIL [UIT [/ [O]N]

10g98xlog27xlogﬁ 1g9 Ig2 g7

lg8 1g7 g9

e

lg2 lg7 1g9

T 1g9 >(lg2

31g2 1g7

= 6 (shown)

aool

Ig

72
lg9
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WIO(R K| E (DY

E}fﬂﬂﬂ —/ Finding expressions for logarithmic terms
Given that log, 2 = p and log, 7 = ¢, find an expression, in terms of p and ¢, for each of

the following.
(a) log, 14

SIO[LIUITIIIOIN

(a) log, 14 =log, (2x7)
=log, 2 +log, 7
=pPt+4q

(b) log, 0.7 = log, -

=

52x5

= log, 7 - (log, 2 + log, 5)
=q-(p+1)

=q-p-1

= log

m‘ TUTORIAL 6.3: Questions 12,13

(b) log, 0.7
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NAME: - s - - ___CLASS: == . DATE:
@monm 6'3
1. Express each of the following as a single logarithm.
(a) lgl2+1g5 (b) log.8 +log, 7
2. Find the value of each of the following.
(a) log,2.5+log, 25.6 (b) Ine’+Ine
3. Express each of the following as a single logarithm.
(a) In28-In4 (b) log,9-log, 0.6
4. Find the value of each of the following.
(a) -lglo+I1g4+1g25 (b) log£24—(log\@3+log£8)

5.  Given thatIn ¥’y = p and In x)” = g, find an expression, in terms of p and g, for each of the
following.
(a) Inxy (b) mf’}’i

6. Find the value of each of the following.
(a) log == (b) log, 16

(c) log. 49* (d) flog 81

7. Express each of the following as a single logarithmic term.
(@) 1+1g7 (b) lc:)g2 10-3

(c) %lga6+5 (@) Inb*b-4log 25

8. Use a calculator to evaluate each of the following.

(a) log, 9 (b) log,,71
. . 1 In7 _
9. Without using a calculator, show that 2+ Tog 2 oy = log, 84.
10. Without using a calculator, show that log, 8 x log,,, 3 x log,, 125 = % ,
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11. Given that log, x = p, express each of the following in terms of p.

) 16
(a) log, 4x (b) log, =

(c) (log,2x)* @ 5Vx

12. It is given that log, 3 = 1.58 and log, 25 = 4.64. Find the value of each of the following.

(a) log,6 (b) log,0.12
25
(c) log, 15 (@) log, \/;

13. Given thatlog, 4 = m and log, 5 = n, find an expression, in terms of 7 and/or , for each of
the following.

(a) log, 20 (b) log, 3.2
(c) log,3.75 (d) Ig3
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@bjectives Checklist

Tnmm e e ¢ SEEED o gy,

* Solve equations involving exponents and logarithms

logﬂp'—-lognq@p:q
Convert it to the exponential form:
log x=bwx=g

b can be expressed as @’

2 | b cannot be expressed as @’ | Take the logarithm (Ig or In) on both sides of

the equation to get x lga=1gb= x= E—Z ]

Solving an exponential equation p(a*) + g(a*) + r= 0 requires substitution and factorisation:
Step 1: Let u = g* to get a quadratic equation in 1.

Step 2: Factorise the expression on the LHS and solve for the value(s) of u.

Step 3: Replace u with a* to solve for the value(s) of .

When we solve logarithmic and exponential equations, extraneous solutions may be introduced, so
always check whether any solution has to be rejected.
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WIO|R [K1E D] '
[EIXAIMIP L] Solving logarithmic equations involving the Laws of Logarithms
Solve each of the following equations.
(a) log, (x -4)+log, (x-5=1 (b) 2 logx 12“%103;; 16 =2
BEEMHEEEN
(a) log, (x-4)+log,(x-5)=1
Method 1: Method 2:
log,, [(x - 4)(x - 5)] =log,, 12 log, [(x-4)(x-5)]=1
(x-4)(x-5) =12 (or=4)(x=5)=12!
X2-9x+20 =12 X*-9x+20=12
x¥-9x+8 =0 ¥-9x+8=0
(x-1)(x-8) =0 (x-1)(x-8)=0

Xx=1 of, £=8 x=1 or x=8

Check: When x =1, log , (1 - 4) =log, (-3) and log , (1 - 5) = log,, (-4) are not defined,
i.e. x = 11is rejected.

Check: When x = 8, log , (8 - 4) = log,, 4 and log , (8 - 5) =log,, 3 are both defined.
Sx=8

(b) 2log 12-2log 16 =2

Method 1: Method 2:
log 12°-log_ 167 =2 log, x log 12° -log_ 162 =2
log 144 -log 4 =log x* log 144 -log 4 =2
logx 13—4 =log x° logx % =2
log 36 =log x* log 36 =2
2 =36 =36
%=46 x =6

Check: When x = 6, log, 12 and log, 16 are both defined.

Check: When x = -6, log,_ 12 and log,_ 16 are not defined, i.e. x = -6 is rejected.
SLx=6

Hm'mfﬁﬁimsfa@mﬂms-s :
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WEREEE (9
[EXTAIMIPIL IE / Solving logarithmic equations involving the Change of Base Formula

Solve each of the following equations.

(a) log, (2x+15)= logzx - (b) log,x=1+6log,2
sfolLlulT[I]O[N]

2
(a) log, 2x+15)= @

log, (2x + 15) =2log, x
log, (2x + 15) = log, %
2x+ 15 = x?

¥-2x-15=0

(x-5)(x+3)=0
x=5 or x=-3

Check: When x = 5, log, [2(5) + 15] = log, 25 and log, 3 are defined.
Check: When x = -3,log _, 3is not defined, i.e. x = -3 is rejected.

LX=D

(b) log,x=1+6log 2

log, x= 1+

log, x
Let u = log, x.
u=1+é
u
wW=u+6
w-u-6=0

(u-3)(u+2)=0
u=3 or u=-2
When u = 3,log, x = 3,
xi=i28
=8
When u = -2,log, x = -2
x=27

1

4
Check: When x = 8, log, 8 and log, 2 are defined.

Check: When x = lli’ logzi— and log 2 are defined.
1

CoX=8ora=

1
4
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JnEEE (3
"SNGIEIEE-~ Solving exponential equations of the form a*=b

Solve each of the following equations.
(a) 7°-2=28 (b) e**=4

(STolLIU]T1]O[N

(a) 7% =238
lg 7*-2=1g 28
(x-2)1g7=1g 28
1g28
= lgg—'/'
128
T g7
=3.71 (to 3 s.f)

+2

(b) e05% — 4
Ine®*=1n4
0.5xIne=1In4

0.5x=Iln4 ¢——Ine=1

_Ina
0.5

=:2.77 (to3 s:f)

X
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! Solving exponential equations reducible to the form a* = b

Solve each of the following equations.
42x+3

\25¢
(SIOILIUIT [ [OIN]

2x+3
(a) 12o= A
J25*
_ 4216 ><43
(v25)
_ 16"x64
SX

16\

(a) 12*= (b) e +e-2=0

(ZS) =1g64 <————— We can also introduce a “In” on both sides of the equation.

xlgzs =lg64
_ 1g64
15
= 3.15 (to 3 s.f.)

(b) e*+e*-2=90
Letu=e~
wW+u-2=0
@+2)(u-1)=0
u=-2 or u=1
When u = -2,e*= -2 (no solution).
Whenu=1,e'=1,
X=0 €——— =1 provided a = 0

Zw=0

ol TUTORIAL 6.4: Questions 14-16
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Solving simultaneous equations involving logarithmic expressions

Solve the simultaneous equations

_V3x =274
9}’
log, [y -log, (x~3)-1=0.

sfofL{u]T]I{OIN
A3 =271 — (1)
9]’
logz\/y—lcog4 (x=3)-1=0 —(2)
From (1),

1
5%
32 — 3-3

3%

3%"'23' = 375

I =
Ex—Zy— 3
x-4y=-6 —(3)
From (2),
1 log (x-3)
2o log, 4
log (x-3)
" log 20

2

Elogl y

1 1
5log, y—>log, (x-3)=1
log, y-log, (x-3)=2

loglx—y_-? =2

Yo
x-3 .
y=4x-12 —(4)

Substitute (4) into (3): Substitute x = 18 into (4):

x-4(4x-12) =6 2
y=4(18)_12
x-16x+48 = -6 5
~15x = -54 =%
Lo 18
=5
_18 12
¥=T52¥=3F

m‘ TUTORIAL 6.4: Questions 17, 18
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A ————— —_clAss:_ pate:
gUTORIA'—iﬂ_
1. Solve each of the following equations.
(a) log, x=9 (b) lgx=0.8
(c) In3x=6 (d) Inx=3Ig4 1
(e) log 64=2 (® log, (x+1)= -5
(8 In(2x-5)=(g8)> (h) lg(10-x)=In (e +3)
2.  Solve each of the following equations.
(a) log, (7x+1) = log, (3x + 29) (b) In [2x(3x - 1D] =In (x - 22)
(c) Iog22c+10g2 Ax+7)=1 (d) 1Ig (** - 2x-13) -lg(x-5)=Ig (2x - 1)
(e) 2lgx=Ig (6x+8) -lgs (f) loglﬁ(x—2)2+% =log, (12x - 29)

3. Solve the equation log, (x+7) - log, (x-7) = l+log -51-

4. (i) Solve the équation log 48 =1 + log (x-2).
(ii) Hence, find the value(s) of y for which log , 48 = 1+1og L’ -2).
4 ¥

5. Given thatlg x = gl_é_x » find the possible values of x°.

6. Solve each of the following equations.

) 2 B
(a) log, x=4 log 3 (b) (Inx) logx ” 0
(c) Igx +log 10=2 (d) 210g2x+3logsx=—3

(e) IOgﬁ (3x-5) = log, (3x% + 5x - 24) (®) log, (47 - 4x + 18) x log, x = 4
7. Solve the equation log, x + log, 3 X =24,
8.  Solve the equation logy 1000 = (Ig y)2, giving your answer to 1 significant figure,

9. Given that Iog2 (a4 + 6ax — 200+1= » where a < 0, €xpress x in terms of 4.

1
logﬂx 2
10. Sam and Thomas solved the equation log_16 + log 4 =3,

Sam applied the Product Law of Logarithms.
Thomas applied the Power Law of Logarithms.
Show how each of them solved the equation.
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_ 3lgx
~ 2lg7”
(ii) Hence solve the equation log, x + log,, x = 5.

11. (i) Show thatlog, x +log, x

1 .
log, e

12. Solve the equation 4 In 3x = 3Inx -

13. Solve each of the following equations.

(a) 8°=5 (b) 3e*=4.1
—1-x+4
(c) 102-*=90 @ 67" =27
(e) 4% -11=0 (f) 7'5%+6_8e=0

14. Solve each of the following equations.

(a) 2%x6%=24 (b) 7%-5=9%
2k
() 17e*!xe-%=45 () 53x = 10(8%)
(e) 10{/6_" =5 (f) 342 _ Fx+l - 32-x

15. Carl wrote the following note.
* To solve the equation 2** + 2* = 2, 1 add the powers to get 2x + x = 1, 50 x = }3-

What misconception has Carl made? Write the correct working to solve the equation
2%+ 2= 2.

16. Find the value of x which satisfies the equation e*(2e* - 11) = -15.

17. Solve the simultaneous equations
5% = 25}4— l,
log, (x-y) + 2log, 3 =log, (8 - y).

1
log x

18. Find the values of x and y that satisfy the equations 16* = =(47*' )" and log 8y- +1=0.

L
2
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Exponential and logarithmic functions
and graphs

gbjectives g:_egkliit

« Sketch the graphs of exponential and logarithmic functions

Graphs of exponential functions of the form y = a*

|

Asx > o0,y > oo,
Asx > —oo, ¥y > 0%,

The x-axis is an asymptote.

The graph intersects the y-axis at (0, 1).

Asx oo, y-> 0%
As x> —00, ¥ > 00,
The graph intersects the y-axis at (0, 1).

The x-axis is an asymptote.

Graphs of logarithmic functions of the form y = log, x

Asx > 00,y > oo,
Asx >0,y —oo.

The y-axis is an asymptote.

The graph intersects the x-axis at (1, 0).

Asx > oo,y > —oo,

Asx >0,y oo,

The graph intersects the x-axis at (1, 0).
The y-axis is an asymptote.
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J|RIKIE DY

EXCAMIPIL Sketching the graphs of exponential functions y = a*
On the same diagram, sketch each of the following graphs.
(@) y=32¢ (b) y=2(3.29)
(¢) y=32~ (d) y=-3.2¢
(S OIL[UITHIIOIN
Y
T (3 2 ) 1 1 5 x
y=2(3.2 . —_ 42_“-—3(—).
Since a* = s then 3.2 57~ \16) *

Sketching the graphs of logarithmic functions y = log_ x
On the same diagram, sketch each of the following graphs.
(@ y=lnx (b) y=2Inx (c) y=-lnx

(SIOILIUIT]I O[N]

Bﬂ‘i#ur(}R]ALﬂS:r Questions 2, 4,6
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o S o CLAss: _ DATE___

%’ 6.5

1. Sketch the graph of each of the following functions.

(@ y=e (b) y=e*

© y=6 @ y=49
2 X

(e) y=8~ 0 »= (5)

2. Sketch the graph of each of the following functions.

(a) y=lnx (b) y=-lnx
(c) y=Igx (d) y=log, x
() y=log x () y=log,,. x

3. (i) On the same axes, sketch the graphs of y = e*and y = 5%
(ii) Use the graphs in part (i) to find the range of values of x for which e* < 5%

4. (i) On the same axes, sketch the graphs of y = log, xand y = log, x.
(ii) Use the graphs in part (i) to find the range of values of x for which log, x > log, x.
5. (i) Sketch the graphofy= 41—1 :
(ii) In order to solve the equation x = -log, (2 - 3x), a suitable straight line has to be drawn

on the same set of axes as the graph of y = 41—X Find the equation of the straight line and
the number of solutions.

6. The graph of y =log, x passes through the points with coordinates (0.25, -2), (1, b) and (c, 4).
(i) Determine the values of each of the constants a, b and c.

(ii) Hence, sketch the graph of y = log_ x.
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Appllcatlons of logarithmic and
exponential functions
\—h_—_~—'_———-———_——_-—“

@bjectlves Checkllst

+ Model and solve problems in the sciences and in the real world using exponential and
logarithmic functions

(/

and Worked Examples :

Logarithmic and exponential functions can be used to model problems in the sciences and in the
real world.

WIO! R [K]E [D]
(EIXTAMIPIL Applying exponential functions in real-world contexts

Cooling of pudding. A pudding is heated in an oven to a temperature of 65 °C. It subsequently
cools in such a way that its temperature, T °C, t minutes after removal from the oven, is given by
T'= 25+ Ae ™™, where A and k are constants.

(i) Show that A = 40.

When £ = 1, the temperature of the pudding is 55 °C.

(ii) Find the value of k correct to 3 significant figures.

The pudding is to be served when its temperature is less than 45 °C.

(iii) Determine, with working, whether the pudding may be served 3 minutes after removal from
the oven.

(SIOJLIUIT[I]O[N]
(i) T=25+Ae™
Whent=0, T =65,
65=25+A
A =40 (shown)
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@) T=25+Aet

When t=1, T=55,

55 =25 + 40e™*
40e™* =30
e*=0.75
-k=In0.75
k=-In0.75
=0.288 (to 3 s.f.)

(iii) T=25+ 40eln075)t
When ¢ = 3,
T= 25 + 406079
=41.875 <45

Since the temperature of the pudding is less than 45 °C, the pudding may be served 3 minutes

after removal from the oven.

.ﬂn‘ TUTORIAL 6.6: Ouésﬁpﬁs- s
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(E XA MIPIL Applying logarithmic functions in real-world contexts

Acidity. The pH value measures the acidity of a solution. If the pH of the solution is less than 7,

it is acidic. If the pH is greater than 7, it is alkaline. The formula for pH value is given by the

formula pH = -lg (H*), where H" is the concentration, in moles per litre (mol/), of hydrogen ions

in the solution.

(i) Kombucha is a beverage made of fermented tea leaves. Given that the concentration of
hydrogen ions in kombucha is 0.001 25 mol/ ], calculate its pH value, giving your answer
correct to 1 decimal place.

(ii) Given that the pH value of carrot juice is 6.4, calculate its concentration of hydrogen ions. Give
your answer in standard form.

(iii) A particular brand of mineral water contains half the amount of hydrogen ions as carrot juice.

Is it correct to say that the mineral water has a pH of 3.2 and is acidic? Show calculations to
explain your answer.

slolL{UIT ]I [OIN]
(i) pH value = -1g 0.001 25
=29 (to1d.p.)

(i) When pH = 6.4,

-lg (H*) =64
lg (HY) = -6.4
H* =10
=3.98 x 107

. The concentration of hydrogen ions is 3.98 x 10”7 mol/L

(i) H* of mineral water = %x (3.9811x107)

=1.9905 x 1077
pH value of mineral water = ~1g (1.9905 x 107)
=6.7 (to 1d.p.)

+. The mineral water has a pH value of 6.7 instead, and it is acidic.

EIEI‘ TUTORIAL 6.6: Questions 3, 4
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NAME: ] . - o CLASS: _ _ ~ DATE:

1. Age of fossil. The amount, A g, of carbon-14 remaining in a piece of fossilised substance is
given by A = 240e’¥, where k is a constant and ¢ is measured in years. The carbon-14 takes

approximately 5729 years to be reduced to 120 g. Calculate
(i) the value of k,

(ii) the amount of carbon-14 remaining in the substance which would indicate that it has an
age of 12 000 years.

2. Radioactivity. Recorded values of the mass, m grams, of a radioactive substance, t hours after
observations began, can be modelled by the equation m = 72e™¥, where m,_ and k are constants.
The mass of the substance is reduced to 62 grams after 2 hours.

(i) State the initial mass of the substance.
(ii) Show that k = 0.0748.
(iii) Using this value of k, find the mass of the substance after 5 hours.

3. Intensity of earthquake. The magnitude, M, and intensity, I, of an earthquake are connected
by the formula M = lg% » where c is the intensity of a ‘standard’ earthquake. Given that the

1938 Banda Sea earthquake registered a magnitude of 8.5 and that the 1964 Alaska earthquake
was five times as strong, find, to a reasonable degree of accuracy, the magnitude of the 1964
Alaska earthquake.

4. Safety index. The safety index of a particular activity is defined as the logarithm of p, where the
fatality rate of that activity is one in p people. A study has found that there is a one in 12 500
chance of dying from electrocution.

(i) State the safety index.
(i) Given that the safety index of another activity is twice of the answer in part (i), is it

correct to conclude that there is a one in 6250 chance of a fatality resulting from this
activity? Explain your answer with calculations.
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NAME: __ CLASs: _ DATE:__
J?%Guick Test 6 [Total marks: 35]

1. Solve (57)* = 625. (2]

2. (i) Given that 3* = 10(2*), find the value of 4.5% [2]
(i) Hence, solve the equation 3% = 10(2). [2]
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3. Express2log, x - log, (3x - 8) = % as a quadratic equation in x and explain why there are no

real solutions. (5]
4, [Itisgiventhatlnp-In3g=In(p+3q).

(i) Express p in terms of g. (3]

(ii) State the range of values of p and explain clearly why 0 < g < % s (2]
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5. (i) Given thatlog, x*=log,, u, express u in terms of x. [3]
1

(ii) Find the value of x for which log,,, (x* + 10x) - log,, x* = Fgaﬁg . [3]

6. (i) Sketch the graph of y =log, x. (2]

(ii) In order to solve the equation 9x = /3%, a suitable straight line has to be drawn on the
same set of axes as the graph of y = log, x. Find the equation of the straight line and the
number of solutions. [4]
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7. Find the values of x and y which satisfy the equations
XY — _1_
8= g

log, (5x +y +4) = 1.

184 I Additional Mathematics



